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SUMMARY
STRESSES INDUCED BY ROLLER CONTACT TN LAMINATED
BEAMS
The advantages of advanced composites materials in the field of 
structures have been known for many years. Theories for bending of 
multi-layer plates have been developed to predict the stresses that 
occur when these structures are subjected to transverse loads. It has 
been noted by several researchers that when laminated structures 
are loaded by transverse forces, interlaminar shear stresses are 
generated. The effects of these shear stresses can have a substantial 
effect upon the stress distribution within a laminated plate or beam. 
Little effort has been made to produce a simple elastic solution which 
includes the effects of the interlaminar shear stress.
Another area that has been ignored by researchers has been the 
problem of the diffusion of contact stresses caused by rollers on 
laminated beams. No-one has investigated this problem to see if the 
theory produced by Hertz is still applicable.
A simple elastic solution for the bending of shear stresses in a five
layered laminated beam has been formulated. The theory includes 
the effects of the interlaminar shear stress. A two-dimensional 
photoelastic model has been tested to provide experimental
verification of this analysis. This simple elastic theory has then been 
developed further to predict the bending and shear stresses in a 
laminated beam composed of a large number of layers. The theory 
has also allowed for the laminae having different material properties.
In order to investigate the effect of a body contacting with a 
laminated beam, a new theory is developed in which the effect of a 
distributed load over part of the span is accounted for. The results of 
this theory are compared to those for the single point level. An 
experimental program has been carried out on a two-dimensional
photoelastic model representing a roller pressed against a laminated 
beam. The results of this work have been compared to traditional 
Hertzian theory.
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1CHAPTER ONE  
INTRO DUCTIO N
1 .1  LAM INATED C O M PO SITE STRUCTURES
Laminated structures, in one form or another, have been used for 
many years in a variety of industries as they have several properties 
not possessed by homogeneous materials. The materials employed in 
laminated structures range from wood, which is widely used, to the 
much stiffer but more expensive carbon and boron fibres 
incorporated into a matrix. Materials are often in their stiffest and 
strongest form when produced as fibres. The matrix is used to bind 
the fibres together and to distribute loads between them, thus 
increasing the strength and stiffness of the composite. There are
several reasons why laminated structures are used in preference to 
ones manufactured from homogeneous materials.
Many structures are subjected to combined loading which could be, 
for instance, bending in one direction and an axial in-plane force in 
another. To produce a structure that is equally strong or stiff in all 
directions is not always an advantage since this often leads to excess 
material being used. It is common for laminated structures to be 
composed of layers which are themselves anisotropic and have
markedly different properties in one direction to another. This is 
particularly true for materials such as filament wound unidirectional 
glass or carbon fibres in a matrix. The stiffness in the fibre direction 
may be 10-15 times the value for the transverse fibre direction. It 
is then possible with materials such as these to align the fibres of the 
different layers with the directions of the loads and in this way the 
strength and stiffness of the composite may be matched to the load 
requirements. Thus anisotropy can be of considerable advantage but 
excessive anisotropy can be a disadvantage since the transverse 
strength in this situation would be far less than that of the fibre 
direction.
Laminates can also be used to reduce the effects of the anisotropy of
the individual layers. Ply-wood is composed of several layers where
the grain direction alternates between 0° and 90°. This results in a
2sheet of much greater uniformity of in-plane strength and stiffness. 
Obviously the through thickness properties will not be improved by 
this technique.
Another advantage of lamination is the reduction in the effects of 
material flaws. The effect of the fault in a loaded sheet is to act as a 
stress concentration. Cracks can occur between adjacent faults in 
materials if the levels of stress are sufficient. The transmission of 
cracks may be restricted in laminated structures since their 
propagation can be stopped by the interface material. Also, layers 
that are to be highly stressed may be inspected before they are used 
to ensure that they are of suitable quality.
Adjustment of the size or shape of some structures can be beneficial 
in accommodating changing forces along their length. For instance, 
the free end of a uniform section cantilever is lightly loaded in 
comparison to the built in end. For an 'efficient' structure with a 
high strength/weight ratio, it would be sensible to produce a tapered 
beam or one with a reduction of material towards the free end. In
this way all the sections along the beam could be more evenly
stressed.
The production of a tapered beam from a homogeneous material may 
be difficult and if it were machined from a blank of uniform section 
there would be a large amount of waste. Jones (1) has noted this 
particular aspect of laminated composite materials in his book: "A
significant consideration in the scrappage (this being the material 
that is trimmed or machined from the starting form to achieve the
final product) in fabrication operations. For most conventional 
materials, scrappage can be returned to the manufacturer for re­
processing, this cannot generally be done with composites. However, 
scrappage is less for composites than for conventional materials 
because they are fabricated in a form close to their final
configuration. The scrappage on a spar made from a conventional
material may be several times the final weight of the product. For
composites it may be only 10% of the product's final weight." So,
although the cost of the composite materials may be higher than 
conventional ones, the cost of the final product may not be dissimilar.
3Where curved elements are required, each laminar may be 
preformed and then joined. In this way the initial stresses are lower 
than they would be in forming a solid section. A more recent 
development in the laminated composite field is the embedding of 
fibres in a thermoplastic matrix, e.g.: polyetheretherketone (PEEK).
This has the advantage that a flat laminated sheet may be produced, 
then reheated slightly and gently bent to shape without inducing 
high forming stresses. Thus complex shapes may be created easily in 
laminated composites.
Advanced laminated composites have been used in several industries 
mainly where their high strength/stiffness to weight ratio is of 
considerable advantage and their high cost is justified. Before their 
application becomes wider, design engineers will have to understand 
the mechanisms that affect the stress distributions for loading cases.
Even for the most simple case of two layers bonded together being
subjected to bending, the stress distribution is complex in 
comparison to that of the homogeneous material. In this condition, 
the problem of determining the strength and stiffness of the
laminate is no longer simple.
1 .2  STR ESS D IST R IB U T IO N  IN L A M IN A TE D  BEAM S
The simplest form of laminated beam consists of two stiff layers 
connected by a bonding layer of relatively low stiffness. When a 
laminated beam of this form is subjected to bending, an interlaminar 
shear stress will develop between the layers. This shear stress as 
was shown by Soomro (2) will cause an axial force to be induced in 
the laminae as well as their original bending stress distribution. A 
typical bending stress distribution for a two layered laminate as 
shown by Soomro is given by Fig. 1.1. This shear transfer
mechanism is dependent upon a number of factors, these being the 
stiffness and depth of the interlayer and laminae.
In the theories developed in this thesis, several assumptions have 
been made about the deformation of laminates. The interlayer is 
considered to be soft in relation to the laminae and is only subjected
4to shear stresses. It is further assumed that the interlayer is thin in 
relation to the laminae and that the interlaminar shear stress is of 
constant value across the depth of the bonding layer. The laminae 
act as a series of individual members connected by this interlayer.
This gives rise to the linear bending stress distribution in the 
laminae.
A homogeneous beam subjected to bending has a parabolic shear 
stress across it which has a value of zero at the free edges. However, 
in a laminated beam an interlaminar shear stress acts on the internal 
faces of the laminae and this creates the shear stress distribution as 
shown by Soomro in Fig. 1.1.
A failure envelope may be constructed where a combination of the
axial and interlaminar shear stresses results in a laminated beam
that is on the verge of delaminating. Values outside this failure 
envelope will result in delamination of the beam. Delamination has 
been noted by Solomon (3) to give rise to a considerable reduction in 
the stiffness of the beam. It has also been noted by several authors, 
Tang (4), Whitcombe (5), Whitney (6), that a transverse interfacial 
shear stress can be generated due to the difference in the Poisson's 
ratio of the laminae when subjected to axial or bending loads. This 
transverse shear stress is of low value across the laminate but 
increases towards and reaches a maximum at the free edge, at which 
point it can cause delamination. The effects of these interfacial shear 
stresses have not been included in the theoretical analyses 
developed in this thesis as it is only significant in a localised edge 
region and failure by it, as shown by Pagano (7) can be prevented.
Obviously, most real engineering laminates are composed of more 
than two layers. The problem of the three layer beam is no more 
difficult to solve than the two layer case because due to symmetry 
the shear stresses on either side of the central laminae must be 
identical. The next most simple is the five layered beam and this is 
the first problem that is solved in this thesis. Experimental 
verification of the solution is obtained by a two-dimensional 
photoelastic model of a laminated cantilever. The materials used in 
this model for the laminae and interlayer, being Araldite and Silicone
5Rubber respectively, provided a high value of the ratio E/Ec. A 
general solution is also derived for an unlimited but odd number of 
laminae subjected to bending as a natural extension to this analysis. 
To obtain this solution, an assumption about the axial displacement 
of the laminae has had to be made. This assumes that the axial 
displacements of the centres of the laminae are linearly related to 
their distance from the neutral axis of the beam. This solution is 
compared to the one previously developed and is shown to be 
accurate.
1 .3  C O N TA C T STR ESSES IN LA M IN A TED  BEAM S
One aspect of laminated beam research that has been ignored until 
now has been how loads such as contact forces diffuse into them. 
Hertz (8) has developed a theory to predict the stresses generated in 
two semi-infinite homogeneous bodies when loaded against each 
other. When two curved bodies are loaded against each other they 
deform elastically until a position of equilibrium is reached as shown 
in Fig. 1.2. In this position, a maximum shear stress is generated at 
approximately 0.4 times the contact width below the surface. This 
maximum shear stress is at an angle of 45° to the direction of the 
load. The shear stress xxy also reaches a maximum at a distance 
approximately 0.45 times the contact width to either side of this 
position. The action of the shear stress xxy and the direct stresses 
will, i/-their combined value is outside the failure envelope, result in 
delamination.
The problem of a roller pressed against a laminated beam in which 
the laminae are of different stiffnesses has not been investigated. 
The contact width, depth to the position of and value of the 
maximum shear stress may all be affected by the stiffness of the 
laminae below the surface.
A theory is developed in which a two layered laminated beam is 
subjected to a distributed load over part of its length. The 
distributed load is a first approximation to that which is generated 
between two bodies in contact. The results of this theory are 
compared to those obtained from the load being concentrated at one
6point. This showed that the value of the interlaminar shear stress in 
the loaded zone was affected by the size of contact.
In order to show that photoelasticity was a suitable method for 
investigating the stresses caused when two bodies come into contact, 
two models were tested for which the theoretical solution was 
known. These models simulated the conditions of roller to roller and 
roller to homogeneous beam. The results of these tests have been 
compared to the solution obtained by Hertz.
A further photoelastic model is constructed in which a roller is 
loaded against a laminated beam of which the laminae are of 
different stiffnesses as shown in Fig. 1.3. In this model the depth of 
the uppermost layer was varied so that an investigation of the 
effects of laminae thickness could be performed. These tests have 
shown that high interlaminar shear stresses are developed in the 
loaded region and these, superimposed upon the direct stresses, 
could lead to delamination if their combined value exceeds that of 
the failure envelope.
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CHAPTER TW O  
R EVIEW  O F RELEV A N T LITER A TU R E
2 .1  TH E BENDING  OF LAM INATED BEAM S
Much of the early analysis was concerned with predicting the 
deflection of a central point of a sandwich beam in bending. March 
(9) performed the first analysis on a thick sandwich beam composed 
of three equal thicknesses of wood under three point bending as 
shown in Fig. 2.1. In this condition, f\ = f2 = C and the total thickness 
of the beam is h. Wood is an anisotropic material and is much stiffer 
in the direction of the grain than in a direction perpendicular to 
it. The grain in the outer laminae was along the beam (x axis) and 
that of the core was perpendicular to it (y axis). This model 
simulated two stiff facings bonded to a flexible core. Shear 
deformation was considered only to occur in the core of the beam. 
As the stiffness of the wood was not considerably higher than that of 
the adhesive layer, his neglect of the shearing stresses in this layer 
may be a reasonable assumption.
The composite strip was considered to have been made up from two 
similar cantilever beams joined back to back at their built in ends. 
The conditions of equilibrium and strain compatability in the facings 
and core of the sandwich strip lead to a differential equation that is 
satisfied by a stress function.
When the equation was solved it was found that only three constants 
remained to be determined by the conditions at the fixed end of the 
cantilever. These were found by placing the horizontal displacement 
of the facings and the vertical displacement of the core to zero.
This work was revised and extended by March and Smith (10) in 
1955. They solved the problem of the displacement of a laminated 
beam where one facing is thicker than the other as shown in Fig. 2.1.
A laminated beam is considered where the thickness of the facings 
are given by f i , f2 and the thickness of the core by 'C'. They solve 
the equations for the deflection of the laminated beam in two parts.
11
a) The deflection of the beam neglecting the shear 
deformation of the core.
b) Correction factor to take account of the shear deformation 
of the core.
They derive the equation for the displacement of the midspan point 
when subjected to a load P as:
V  =
Pa‘
48D
1 +  r j
where D is the effective stiffness of the beam if the shear 
deformation of the core is not considered:
1 +  r j
is the correction factor to account for the shear deformation of the 
core.
D is found to be given by:
D
1 2 a
h 3 3 3 _ j a c s K h t i
1 - ( l - p ) Fh
where a i and a c apply to the face and core material respectively and 
are given by:
a E XX (1 - V Xy V y x)
a i/a<
( f 2 - f i ) / 2
12
Thus for this beam, the effective stiffness, when taking into account 
the shear deformation, is given by:
Effective stiffness = — — ----
2a
where r\ can be simplified to:
*n
( i  +  a - p ) £  g2 c  H h
2 a i%  1  h h 2 h 2 h (1 - (1 -p ) —)h
where p.c is the modulus of rigidity of the core. They point out that 
their assumptions lead to a conservative estimate of the flexural 
rigidity since the individual stiffnesses of the facings can contribute 
substantially to the total stiffness of the sandwich strip.
Neglecting the flexural rigidity of the facings is only a reasonable 
assumption where their stiffness is not considerably higher than the 
core (as in the laminated wood case). In advanced fibre composites, 
the flexural stiffness of unidirectional material can be high in 
comparison to that of transverse fibre direction. Neglecting the 
flexural rigidity of the facings leads to other problems for a 
particular class of laminate since as can be seen from these 
equations, when the shear modulus of the core is put to zero, the 
effective stiffness of the beam is also zero. This is obviously not 
correct for this extreme case, because the stiffness of facings is still 
present.
Norris (11) pointed out this discrepancy and goes on to present an 
analysis, based upon the work of March and Smith but for the case of 
a very low value of the core shear modules. The effect of the facing 
stiffness was also included in this revised theory.
13
All three analyses were based upon the very limited problem of two 
stiff facings and a flexible core. Both March and Norris compared 
their theoretical predictions to experimental results on plywood and 
found a reasonable agreement. Norris in particular found an 
improved accuracy over the work of March and Smith where the 
ratio of facing/core stiffness was high. Laminates used in some 
engineering applications can have as many as 100 laminae and so 
their analysis can not be applied directly.
Both March and Norris link the shear stress in the core to the change 
in the longitudinal force in the adjoining laminae as shown in Fig. 2.2, 
in equation form this becomes:
dT 
T "dx
where
t is the shear stress in the core
T  is the axial force in the laminae.
Norris showed that the equation for the interlaminar shear stress 
was given by:
A=mw
dx2
for which the solution is:
C
x = Acosh (mx) + Bsinh (mx) + 2
m
where m is a function of the stiffnesses and dimensions of the facings
and the core. A and B are given by the boundary conditions of the
beam.
His theory was based upon the following assumptions:
14
1 ) A ll stresses in the core other than shear stresses are
ignored.
2) The shear strains in the facings induce negligible
deflections.
3) The shear stress in the core is uniformly distributed.
4) The curvature of the two facings are assumed to be the
same at any position.
As has been mentioned before, many engineering laminates contain
upwards of 100 layers. Pagano (12) attempted to solve the problem
of a beam composed of 'm' layers in cylindrical bending. He
compares the results obtained from an exact elasticity solution to 
those obtained from the classical laminated plate work and discusses 
the relevance of the classical laminated plate Theory to the design of
composite structures in bending. He notes the limitations of this
theory as:
1) The assumptions of linear in-plane displacements
through the thickness, in particular, for laminates in
which the stiffness properties vary drastically from layer 
to layer.
2) The neglect of shear deformation implied by the
Kirchhoff hypothesis.
3) The assumption of a state of plane stress in the
constitutive relations which eliminates the possibility of 
rigorous calculation of interlaminar shear stresses.
He is able to show that the classical laminated plate solution for 
stresses and displacements converges to the exact elasticity solution 
with increasing span to depth ratios. It is also noted that the stresses 
as predicted by the classical laminated plate theory converge faster 
than the displacement functions. In a paper by Pagano and Hatfield
15
(13), they show typical bending and shear stress distributions for a 
square bidirectional laminate of nine layers. In this laminate the 
fibre direction alternates between layers, the total volume of fibres 
in each direction being the same. They show that as the span to 
depth ratio increases, the elasticity solution greatly resembles the 
classical plate theory solution.
What Pagano has failed to point out is that both the elasticity and the 
classical solution neglect the interlaminar shear stresses that occur 
in bonding layers. He has assumed that the laminae are joined by a 
glue layer that is infinitely thin when in practical circumstances it 
must have a finite thickness. Thus shear deformation of the glue 
layer is neglected.
If the interlayer is very thin in comparison to the thickness of the 
laminae or their stiffnesses are not very different, then this may be a 
valid approximation. However, in many laminated beams this is not 
the case and the interlaminar shear stress becomes significant. What 
would be more valid than his first assumption is that the 
displacements of the centres (or any position) of the laminae are 
linked by a linear in-plane relationship, as shown in Fig. 2.3. This 
allows for the shear deformation of the bonding layer.
Soomro (2) in his analysis of laminated beams in bending compared 
theoretical solutions to experimental values obtained from two 
dimensional photoelastic models. He developed a theoretical solution 
based upon the work of Norris, for laminated beams consisting of two 
and three layers subjected to three and four point bending. He 
obtained a second order differential equation for the interlaminar 
shear stress in the same form as Norris. This he solved and from this 
obtains expressions for the bending and transverse shear stresses at 
all sections.
For experimental verification he tested two dimensional photoelastic 
models representing the laminated beams. These models had 
laminae made from Araldite CT200 and interlayers from Urethane 
rubber. This combination had a high value of the ratio E/Ec = 1300
16
and clearly showed the effect of interlaminar shear. His 
experimental results clearly validated his theoretical predictions.
The next problem that he solved was the three and four point
bending of a four layer laminated beam. This work is of some 
interest since in order to obtain it he made an assumption about the 
axial deflection of the laminae. He assumed that the axial extensions 
of the laminae were linearly related to their distance away from the 
centre line of the beam. It is then possible to reduce the differential 
equation for the interlaminar shear stress to second order form and 
it may be solved using the same boundary conditions as he had
before.
He tested another photoelastic model, this time simulating a four 
layer laminated beam in three point bending. This was produced 
using the same materials for the laminae and interlayer as the 
previous models. Only very limited photoelastic data are available 
from this model but what is shown tends to confirm the theoretical 
prediction. However, reworking the equations shows that the 
interlaminar shear stress on the centre line of the beam should be 
considerably higher than that between the outer laminae. The
’computing curve' for the transverse shear stress, to which his 
experimental results are compared, does not show this. It is not
clear if this ’computing curve' is actually given by his theory or is a 
curve fitted to his experimental results. If the transverse shear 
stress is determined for the appropriate section using values for the 
dimensions and stiffness of the materials used for the laminae and 
interlayer, then it can be shown that the experimental results are not 
in such good agreement as claimed.
A better approach would have been to obtain a full solution to the 
bending of a four layered laminated beam with flexible interlayers. 
This solution could then be compared to his approximate one and the 
effect of his assumptions determined. If the effect of the 
approximation about the axial displacement of the laminae had been 
shown to be slight then it would be valid.
17
In this thesis, the interlaminar shear stress will be modelled in the 
same way as Norris and Soomro. A full analysis of the bending and 
shear stresses in a five layered laminated beam will be developed 
without any approximations to the relative axial extensions of the 
laminae being made. Then an approximation to the axial extensions 
will be made and the analysis reperformed. The two theories will 
then be compared and the error due to the assumption discussed. In 
this way a fuller understanding into the development of the 
interlaminar shear stresses will be obtained.
2 .2  PH O TO ELA STIC  IN V ESTIG A TIO N  O F STR ESSES IN
L A M IN A T E D  BEA M S
Frocht (14) was one of the first users of photoelasticity and in 1931 
investigated the stresses within beams using this technique. In 
sections of pure bending it was noted that the isochromatics, being 
lines of constant shear stress, were straight equidistant lines, this
being caused by the linear distribution of stresses. He further 
investigated the effects of various types of loading, such as a 
cantilever with a point end load and beams under three and four
point bending. In the theoretical analyses which are presented in 
this thesis, laminated beams are considered to be made up from 
individual but interconnected elastic beams and so Frocht's 
techniques will be valid for analysing the stresses within the 
laminae.
The first photoelastic investigation of the stresses within laminated 
beams was carried out by Alwar (15) in 1970. The object of his 
work was to investigate the validity of St Venant's principle for a 
sandwich structure. He constructed three laminated cantilevers from 
different materials in order to obtain variation in the ratio E/Ec and 
subjected the beams to transverse end loads as shown in Fig. 2.4.
Loads were applied at points A and B in such a manner that they
formed two statically equivalent systems. In order to provide lateral 
stability for the beams it was found necessary to keep the 
cantilevers relatively wide although this then introduced difficulties 
in measuring the fringe order accurately. The ratios of E/Ec used 
were 1, 9, 3600.
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Alwar provides results for only one beam, this having the ratio E/Ee 
= 3600. He compared the fringe orders given by the two loading 
systems at three points along the beam, these being at distances b, 
2b, 3b away from the load points as shown in Fig. 2.4.
His main conclusions for the experimental work were:
1 ) At a distance rb' away from the loading points, the 
differences between the fringe orders were found to be 
as high as 40%. In a homogeneous beam the differences 
would be 5%.
2) At a distance '2b’ away, the differences in the fringe
orders was found to be 18%. In a homogeneous beam the 
differences would be insignificant.
3) At a distance ’3b' the differences were found to be
insignificant.
This shows that St Venant’s principle cannot be directly applied to 
laminated structures and that great care must be taken to apply the 
loads correctly so as to minimise the disturbances due to the 
localised application of a force.
There are several criticisms that can be made of this paper:
1) The exact method of load application is not given.
2) He does not mention how the built-in ends of the
cantilever are restrained from moving which is important 
since this too can affect the stress distribution within the 
beam. Both these points make it impossible to repeat and 
confirm his work.
3 ) There is no mention of the initial stresses in the beam.
4) A complete analysis of the stresses was not attempted as 
he thought that ’’any particular type of stress would be 
sufficient to indicate the effect."
5) With results from only one beam being quoted it becomes
difficult to envisage the effect of altering the modular 
ratio. If the results from all the beams, instead of only 
one, had been quoted, the effect of altering the modular
ratio E/Ec would have been much clearer.
6 ) Only one value of the ratio of laminae/core thickness is 
used. As Alwar himself points out, his models simulate 
neither a real sandwich beam nor a laminated beam.
Amba-Rao (16) in his comment on Alwar's work discusses some of
the deficiencies of this paper and later with Bansal (17) reperforms
the investigation. The materials used in their investigation gave a 
modular ratio of 75 which is low for a real sandwich structure. Their 
model dimensions and positions of loading are similar to Alwar's and 
are shown in Fig. 2.5.
The main conclusion that they draw from their work is :
1) At a distance of '2d' there is an insignificant difference
between the stresses caused by the statically equivalent 
loading systems.
There are several criticisms that can be made of this paper:
1) The method by which the built-in ends are restrained is 
not mentioned.
2) Only one size of model and one modular ratio are used.
3) The initial stresses in the model are said to be low but 
fails to mention if they were taken into account.
4) A complete stress separation is not performed.
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Neither Alwar nor Bansal attempt to compare their experimental 
results for the stresses within the laminated beam to any theoretical 
work, such a comparison would be of great interest to engineers 
wishing to design sandwich and laminated structures. Suggestions on 
how to minimise the localised disturbances in the stress field when 
applying loads to sandwich structures would also have been 
beneficial.
The two papers indicate the importance of ensuring that the 
experimental loading configuration correctly simulates the 
theoretical model conditions. When determining experimental values 
to be compared to a theoretical solution one must be convinced that 
the data recorded is valid and not based upon some local disturbance 
caused by the incorrect application of a load.
Kemmochi and Uemura (18) develop a theory to predict the through 
thickness stress distribution of a composite sandwich beam in four 
point bending. They then compare their predictions to experimental 
results taken from four models using a photoelastic technique as 
shown in Fig. 2.6. They develop a more accurate form of the 
conventional composite beam theory by including the shearing effect 
of the core. They note that when the modular ratio E/Ec is greater 
than 12 0 , the shearing effect of the core on the deflection of the
beam becomes significant. They find that the traditional composite
beam theory is no longer valid for these high modular ratios. The
solution is obtained by solving a second order differential equation in 
terms of the axial force in the faces with the known boundary
conditions of four point bending.
In their experimental work they observed the stresses that develop 
within four sandwich beams each with a different value of the ratio 
E/Ec. The dimensions of the models are shown in Fig. 2.6. To obtain 
a range of values for the ratio E/Ec they used materials for the core 
such as polyurethene, polyester and epoxy with 30% by weight of 
thickol. With these materials they were able to obtain values for the 
ratio E/Ec of 1, 4.7, 120 and 563 for models 1 to 4 respectively.
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The first important point in their experimental results is that they 
plot the principal stress trajectories for each of the sandwich beams. 
This displays the photoelastic data in a form that is easily 
understandable and shows the path of the principal stresses through 
the structure. It may be seen from these that when the ratio of E/Ec 
becomes high, the contact effects of applying loads on the surface 
become localised in the face material only. In a homogeneous beam 
the contact effects diffuse in all directions but in a sandwich beam 
they appear generally to be transmitted along the face material, as 
shown in Fig. 2.7. This is an important effect which they fail to 
mention.
They perform a stress separation for all the beams at a section S-S. 
These show that where the ratio E/Ec becomes high, it is possible to 
obtain neutral axes within the faces rather than the core material. 
Where this occurs it is accompanied by the shear stress reaching a 
peak within the face material rather than the core. As the ratio E/Ec 
becomes higher, the neutral axis is seen to move towards the outer 
edge of the beam. Laminated and sandwich beams are known to be 
sensitive to failure due to interlaminar shear and so this effect must 
be taken into account when designing them.
Kemmochi and Uemura also show a comparison between the 
composite beam theory, their modified multi-layer build up theory 
and their experimental results for the centre line section of the 
beams. At low values of E/Ec the composite beam theory is found to 
be more accurate than their multi-layer build up one. As the ratio 
E/Ec increases, so the reverse of this becomes true. This was to be 
expected since with relatively stiff cores, the shearing effect of the 
interlayer material is small and does not greatly affect the stress 
distribution of the beam.
The main criticism of this paper is that although it mentions that the 
beams were loaded in four point bending, it does not say how the 
loads were applied. From their figures it may be assumed that the 
loads were only applied to one face where the ratio E/Ec becomes 
high, this loading arrangement could cause significant errors due to 
the compression of the core. A more correct form of loading would
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have been to apply forces to both faces, thus minimising core 
compression and reducing any localised disturbances in the stresses 
due to the application of the load. Their work also showed that 
neither theoretical model is accurate over a wide range of the ratio 
E/Ec.
Soomro (2) as mentioned previously in Section 2.1, performed both 
theoretical and experimental investigations on single and triple 
interlayer laminated beams. The single layer models had a ratio of 
E/Ec of 1300 and c/d ratios of 0.087, 0.182 and 0.286. These models 
were tested in four point bending with each of the laminae being 
subjected to loads and the free ends being constrained to deflect an 
equal amount. In this way, the loading and deflection conditions of 
the theoretical analysis were correctly simulated in the photoelastic 
models.
The bending and shear stresses were determined in the laminae at 
various sections along the beam's length. The effects of the initial 
stresses were removed by use of an experimental technique. The 
theoretical predictions and experimental results were shown to be in 
good agreement.
Only limited results from the four layer photoelastic models are 
reported. From this it is difficult to assess the accuracy of his 
theoretical solution to this problem.
His work is of considerable interest since he is the first person to 
fully investigate by photoelasticity the stresses that develop in 
laminated beams subjected to transverse loads. He showed that with 
the correct experimental techniques and materials, experimental 
verification of theories for the bending of laminated beams is 
possible by photoelasticity.
2.3 Stresses Induced by the Contact of Two Bodies
Hertz (19) originally developed a theory in 1880 for two frictionless 
curved bodies coming into contact. He later developed this into a 
theory (8) to include the two dimensional case of a line contact
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between two rollers. This case is simpler than the general case 
because of its two dimensional nature and the complete solution for 
the stresses is available. Expressions for the internal stresses are 
given by M'Ewen (20) amongst others. Hertz developed the theory 
for two semi-infinite length bodies and so the condition of plane 
strain occurs. All the experimental models used in this thesis were 
relatively thin in comparison to their radius of curvature (1/4M thick 
against a diameter of 2 2 ") and for this, the condition of plane stress
exists. The equations of M'Ewen have been reworked in terms of
plane stress and are given as in Fig. 2.8.
As is shown by Hertz, a maximum shear stress exists at a distance ~
0.4 times the contact width below the surface as shown in Fig. 2.8.
Fessler and Ollerton (21) have used photoelasticity as an 
experimental method for confirming the theory by Hertz. They 
measured the depth to position and maximum value of the shear 
stress. These were found to agree with the Hertz equations.
To the best of the knowledge available at the time of writing, no-one 
has investigated the effect of pressing a roller against a laminated 
beam. As has been mentioned before, when two bodies come into 
contact, a maximum shear stress is generated at an approximate of 
0.4 times the contact width into the body. For large diameter rollers 
with a high applied load, the depth to the position of maximum shear 
stress may be greater than the thickness of the laminae. Thus the 
maximum shear stress will pass through a relatively soft interlayer 
to the laminae below. The effect of different laminae properties on 
the contact width, depth to position of and the value of the maximum 
shear stress has not been investigated. Associated with this shear 
stress is Txy which reaches a maximum on the same plane as the 
maximum shear stress, but at a distance of 0.45 times the contact 
width from the centre line of contact. It is xxy that is liable to cause 
delamination since the laminate is weakest in shear along this plane. 
Delamination will occur if the combined value of the interlaminar 
shear stress and the direct stresses exceed that of the failure 
envelope. Should the maximum value of xxy occur in the plane of the 
interlayer, the problems of delamination will be intensified due to
24
the lower strength of the material. The consequences of 
delamination have been discussed previously and indicate why the 
problem of a roller loaded against a laminated beam merits 
investigation.
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M ode l 2 : E / E c  =  4 .7
M o d e! 4 : E / E c  «  5 6 3
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F i g .  2 . 8  C o n t a c t  C o n d i t i o n s  B e t w e e n  T w o  
R x i a l l y  R l  1 i  g n e d  R o l l e r s .
- 2 W
rtb2t (M 2 +N2)
-2Wa =y k2*r t b /  .
/ 2 v,2v
M . M  i m D .
(M  + N 2)
where
W
t
b i
Ri, R2 
Ej, E2
applied model load 
model thickness 
1/2 contact w idth
(vt) (LO4Wnt
Radii o f the two bodies respectively 
Young's modulus o f the two bodies
M = ±  y j j  |  (b2 - x2 + y2) + J (b2 - x2 + y2)2 + 4 x V  J
N = ±  \ J 2 {  ' (b i '  * 2 + y 2 ) + V * x2 + y2)2 + 4y2y 2' J
The sign o f M  is always the same as that o f y and N is always the 
same as that o f x.
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CHAPTER THREE  
TH EO RETICAL A NALYSIS OF TH E BENDING  AND  
SHEAR STRESS IN A FIV E LAYERED LA M IN A TED  BEAM
3 .1  INTRODUCTION
A theory will be developed to predict the elastic bending and shear 
stresses in a five layered laminated cantilever subjected to a 
transverse end load. If the localised effect of the application of a 
load is disregarded then the stresses induced in a homogeneous 
cantilever by various forms of loading may be easily determined by 
simple bending theory. In multi-laminated beams subjected to
bending, shear stresses are generated in the interlayers by the 
differential displacement of one lamina to the adjacent one. This 
interlaminar shear stress induces an axial force in the laminae.
It can be judged from this that the stress distribution within a 
laminated beam when subjected to bending is complex and cannot be 
described by simple techniques.
There are two main ways in which laminated beams subjected to
bending can fail:
1) The interlayer shear stress causes the axial force in a
lamina to exceed the amount that the material can 
withstand. In this case the lamina will fail and the load 
that it carried will be transmitted to the adjacent laminae 
through shear stresses in the interlayer.
2) The interlaminar shear stress exceeds the maximum
amount that the interlayer can sustain. This will cause 
the laminae to delaminate in this area and reduces the 
bending stiffness of the laminated beam and increases 
the bending stresses in the laminae. Consequently the 
laminae may fail due to the increased stresses within 
them.
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It can be deduced from this that the interlaminar shear stress is an 
important feature of laminated beams and a full understanding of 
how it is generated is required before it can be accurately modelled.
3 .2  TH EO RETICAL M ODEL ARRANG EM ENT
The theoretical model considers a five layered laminated cantilever 
subjected to a transverse end load as shown in Fig. 3.1. The end 
loaded cantilever was chosen since it was the least complex form of 
loading which involves a shear force and a bending stress that varies 
along the length of the beam. The cantilever is considered to be of 
unit width and in a state of plane stress in order to simplify the 
equations. The end load ’W' is distributed between all the laminae in 
such a manner that their transverse deflections at similar sections 
are identical.
When laminated beams are subjected to bending, one surface of a 
lamina will attempt to move in an axial direction relative to the 
surface of the adjoining laminae. This relative displacement is 
resisted by the shear stiffness of the interlayer and generates shear 
stresses within this layer. This shear stress is transmitted to the 
adjacent laminae and induces axial forces within them. This is 
known as the shear transfer mechanism.
A simple displacement condition is assumed in the theory to predict 
the shear transfer mechanism between the interlayer and laminae. 
From this and consideration of the equilibrium of forces for the 
laminae, it is possible to obtain a differential equation in terms of the 
interlaminar shear stress. The solution of this is of standard form 
and the coefficients of integration are found from consideration of 
the correct boundary conditions.
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T h e  fo llo w in g  assum ptions are a p p lie d  to the beam  in  this analys is .
1) The individual components are considered to be in a state 
of plane stress.
2) Each lamina is considered to act as a simple elastic beam 
subjected to bending and shear stresses.
3) The bending stress varies linearly through the depth of 
each lamina .
4) The transverse displacement of the laminae at 
corresponding sections are the same.
5) Complete bonding occurs between the laminae and 
interlayers and both materials exhibit linear elastic 
properties.
6) The interlayer is thin in comparison to the depth of the 
laminae and is only subjected to shear stresses. These 
shear stresses are constant across the depth of the 
interlayer.
3 .3  NOM ENCLATURE
c Depth of interlayer
d Depth of laminae
E  Young's Modulus of the laminae
E c Young's Modulus of the interlayer
L  Length of the cantilever
W Transverse end load
M Bending moment in each laminae
S Transverse shear force in each laminae.
T  Axial force in the laminae.
t Interfacial shear stress
U Longitudinal extension due to an axial force in the
laminae
Ci - C4 Constants of integration
A,B,P,Q,R Constants
a Argument of the equation
3.4 INTERLAMINAR SHEAR STRESS EQUATIONS
3.4 .1  Derivation of Governing Equilibrium Equations
At some distance along the laminated beam shown in Fig. 3.1, the 
forces on the discrete elements are as shown in Fig. 3.2.
From a balance of horizontal forces it is possible to obtain
I  Second M o m e n t o f  A re a  o f  the lam in ae .
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F ro m  the ba lance  o f  m om ents:
dM + S =0
dx 2 2 2 (3 3)
^  + S, - 4- (x + x ) = 0dx i 2 ^  £  (34)
^  + S„ - dx =0
dx ° 1 (3.5)
From consideration of the total moments and shear forces at this 
section then:
2S2 + 2Si + S0 + 2c(ti + x2) = W (3.6)
5M + 2(d + c) (2T2 + TO = W (L - x) (3.7)
It has been assumed that each laminar behaves as an elastic beam 
and so the moment-deflection relationship is:
E I dX  = M
dx (3.8)
The mechanism by which interlaminar shear stresses are generated 
is shown in Fig. 3.3. From this it is possible to obtain the governing 
equations:
C*t A t  j
2 ( l + v ) - i  = (d + c)J±V. + U -U  E  dx 1 2
c (3.9)
C T  i x j
2 (l+v) - L  = (d + c) & L  - U E  dx 1c (3.10)
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where
Y i  = L l
dx Ed
d u . _2    2_
dx Ed
3 .4 .2  Solution of the Equations in Terms of the 
In terlam inar Shear Stresses
Equations 3.3, 3.4, 3.5, 3.6 may be combined:
= I  (d + c) (x + T ) - ^  dx 5 i 2 5
(3.11)
(3.12)
(3.13)
Equation 3.9 may be differentiated with respect to x and 3.8, 3.11,
3.12 substituted:
2(l+v)c dx2 (d +c)M  , T 1 ^ 2
E  dx E l  Ed Ed
c (3.14)
Differentiating 3.14 with respect to x and substituting equations 3.1, 
3.2, 3.13 provides:
 2 _ ( (d + c>\ , E,  ^. 
dx2 \  5EIc (1+v) Ecd (1+v))  2
X +
/  (d + C)2E  E  \
I  --------------------- c---------------------c  1  x
\  5 E Ic  (1 + v ) E cd  2 ( l+ v )  J
(d + c)E W 
 - c
E Ic  (1 + v )
( 3 . 1 5 )
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Putting
(d + c) WE p =  s.
lOEIc (1+v)
(d + c)^
Q = —— s- 
5EIc (1+v)
E
r  =  c ---------
2Ecd (1+v)
Thus, equation 3.15 may be expressed: 
d2x
— +  =  ( Q + 2 R ) x9 +  (Q  - R )  x - P
dx (3.16)
The differentiation of equation 3.10 with respect to x, and the 
substitution of 3.8 and 3.11 provides:
2c (1+v) d ti (d + c)M l i .
Ec dx E l Ed (3.17)
This in turn may be differentiated with respect to x and equations
3.2 and 3.13 substituted:
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d\  {  (d + c)2E  E
 L  =  I      c _  + ------------------ C ---
dx2 \  5EcI (1+v) 2Ecd (1+v)
/  (d + c)2E  E  \
I  -  — f i -    f i .   1 x  -
y  5EcI (1+v) 2Ecd (1+v) J  L
(d + c) WE
.    c
lOEcI (1+v) (3.18)
With the substitution of the constants P, Q and R, equation 3.18 
becomes:
d2x
— t" =  ( Q  + R X  + ( Q - R ) X  - p
dx (3.19)
The solution of the differential equations (3.16 and 3.19) is easily 
obtained and the method is shown in Appendix 2.
The final solution is:
x  =  A ( C i c o s h ( a i x )  +  C 2s i n h ( a 2x ) )  +
B(C cosh(a x) +C sinh(a x)) + — — —
3 2 4 2 5 Q  (3 20)
x = C cosh(a x) + C sinh(a x) + C cosh(a x) +
2 1 1 2 1 3 2
9  pC sinh(a x) + — -----
5 Q + R  (3 .21)
where
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a 2 - (Q  +  2R )
A  =  — 1-----------------
( Q - R )
a 2 - (Q  + 2 R )
B  =_  1
( Q - R )
2 ( 2 0  +  3 R ) - J x  ( 0  - R )2 +  R
1 9
a 2 _  (2Q  +  3 R ) - y  4  (Q  - R )2 +  R 2
2 9
The constants C i - C4 are given by consideration of the boundary 
conditions. For the laminated cantilever shown in Fig. 3.1, the 
boundary conditions are:
x = 0
1 )  X = t 2  =  0
2 ) V = = 0dx
dT dT
3) _ L  = — — = 0 
dx dx
x = L
4) T = T = 0
'  1 2
5) M = 0
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d x  d x  
6 )  — -  =  — -  =  0  dx dx
From these, as shown in Appendix 2, C i - C4 may be found to be
/  2 P a 2 \
a 2 -  a2
C = -C tanh(a L) 2 1 1 '
C = V 5Q+R L
a2 -  a2 2 1
C 4 =  - C 3 t a n h ( a 2L )
Also, using these end conditions, it is possible to determine the 
moment and axial force that each laminae is subjected to. The 
solution is shown in Appendix 2, and is found to be:
M = -^ -(d + c) {  (C sinh(a x) + C cosh(a x))
5 a 1 1 2 1
+ 1— i —l  (C3sinh(a?x) + C 4cosh(a2x)) + _/*,!.> }
“ 2 ' ' "
, W (L - x)
a 3 2 4 2 5Q + R
(3 . 22 )
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T = (d + c) Md . 2Ecd_ (X+v). [  Aa (C sinh(w x)
1 j  j ;  v  r  i  v i
C^oshCajX) + Ba2(C3sinh(a2x) + C4cosh(a2x» }
( j . 2 3 )
rp _ (d + c) Md _ 2Ecd (1+v) + 1)
2 I ~ E ^
c
a  (C sinh(a x) + C^cosh^x)) + (B + 1)
T h e  lo n g itu d in a l forces in  the la m in a e  are fo u n d  to  be:
a 2( C 3s i n h ( a 2x )  +  C 4c o s h ( a 2x ) ) } (3.24)
The transverse shear stresses are evaluated in Appendix 2 and are 
found to be:
x = x
x y 2
/  2(d + c) (x + x ) w \V 5 t ) (3.23)
X =  ( x  -  X )  
x y l  v 1 2 '
^  2 (d + c) (xt + x2)
(3.24)
X „  
xyO
^  4v2 - d2^  ^  2(d + c) (x, + x?) W ^ , T]
(3.25)
4 4
T h e  transverse deflection of a l a m i n a t e d  b e a m  is f o u n d  b y  
integrating equation 3 .1 3 , three times as s h o w n  in A p p e n d i x  2 .
v  =  2 (d + .c) |  ( A  +  1 ) ( C  (sinh(a x) _ a  x) 
5 E I  1 a 3 f a  f a
+' 1 '  ' 1 ' 1 '
1
C ^ c o s h / o ^ x )  - 1 )) +  ( C 3(sinh(a2x) - « 2x) +
a 2
C  (cosh(a x) - 1 )) SPCx2 : 3 .L x h  ]  +  W ( 3 L x 2-x3),
2 6 (5 Q + R )  J 3 0 E I  (3 26)
3 . 5  D I S C U S S I O N  O F  T H E O R E T I C A L  R E S U L T S
3 .5 . 1  I n t r o d u c t i o n
It m a y  be seen f r o m  the equations for the deflection, b e n ding a n d  
shear stresses that they are c o m p l e x  in c o m p a r i s o n  to those of a 
h o m o g e n e o u s  b e a m .  It is difficult to clearly see w h a t  effect changing 
o n e  parameter has o n  the total response of the laminated b e a m .  In 
order to investigate the stresses a n d  deflection of the laminated 
cantilever, a basic m o d e l  is used with dimensions a n d  properties:
L  = 6 . 2 5  inches
d  = 0 . 2 7  inches
c = 0 . 0 3  inches
E  = 4 . 3 5  x 1 0 5  Lbf/in2
E c = 2 6 0  Lbf/in2
W  = 2 8  Lbf.
T h e s e  d i m e n s i o n s  a n d  properties w e r e  c h o s e n  since they simulate 
the ones f o u n d  in the photoelastic m o d e l  used to confirm the theory. 
T h e r e  are several different features that are i m p o r t a n t  in 
determining the stress distribution within the laminated b e a m  a n d  
each on e  will be dealt with in turn.
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1 ) T h e  effect of altering the span/depth ratio.
2 ) T h e  effect of altering the ratio E / E c.
3 ) T h e  effect of altering the ratio c/d.
T h e  data is presented in nondimen s i o n a l  f o r m  to r e m o v e  an y  effects 
d u e  to the dimensions of the b e a m  or the applied load.
T h e  deflections h a v e  been divided b y  that w h i c h  w o u l d  be expected 
for a h o m o g e n o u s  b e a m  of similar dimensions. This is given by:
v  4 W L 3 
E ( 5 d +  4 c)3
T h e  bending stresses h a v e  b een m a d e  nondimen s i o n a l  by  division of 
the stresses that w o u l d  occur in a h o m o g e n e o u s  b e a m  at a similar 
section. Thus:
c  _  6 W  (L - x) 
x (5 d +  4 c)2
T h e  shear stresses h a v e  b e e n  divided b y  the average shear stress 
that w o u l d  occur in a h o m o g e n e o u s  b e a m  of similar dimensions. This 
is given by:
a  = — W — -
xy (5 d +  4 c)
3 .5 . 2  T r a n s v e r s e  Deflection of the L a m i n a t e d  B e a m
T h e  transverse deflection of the laminated b e a m  at a n y  section along 
its length m a y  be deter m i n e d  f r o m  equation 3 .2 6 . T h e  effect of 
altering the span to depth ratio of the b e a m  is s h o w n  in Fig. 3 .4 . It 
s h o w s  that w h e r e  the span to depth ratio is greater than 10, the ratio 
of the laminated beam's deflection to that of the h o m o g e n e o u s  o n e
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has an approximately constant value of 1 .5 . Fo r  span to depth ratios 
of less than 10, the effect of lamination o n  the beam's deflection 
increases considerably. A l s o  s h o w n  in this Figure is the effect of 
altering the ratio E / E c. W h e r e  the ratio E / E c is reduced the effect of 
the span to depth ratio is also reduced. T h e  s a m e  is true for altering 
the ratio c/d as s h o w n  in Fig. 3 .5 . Fig. 3 . 6  s h o w s  the effect of altering 
the ratios E / E c a n d  c/d o n  a b e a m  of length 6 . 2 5  inches. W h e r e  E / E c 
is b e l o w  100, the laminated cantilever b e h a v e s  approximately as a 
h o m o g e n e o u s  b e a m  a n d  a b o v e  1 0 6 it b e h a v e s  as five individual
uncor r e c t e d  layers. T h i s  Fi g u r e  s h o w s  that b y  redu c i n g  the
interlayer thickness b y  half it is possible to reduce the deflection by 
as m u c h  as 2 5 % .
3 .5 . 3  B e n d i n g  Stress D i s t r i b u t i o n
T h e  bending stresses at section x =  L /2 for a five layered cantilever
are s h o w n  in Fig. 3 .7 . This s h o w s  that the laminae are subjected to 
b e n d i n g  forces a n d  that they are all, except the central layer, also 
subjected to an axial force. T h e s e  axial forces are generated b y  the 
shear transfer m e c h a n i s m  that occurs b e t w e e n  the laminae a n d  the 
interlayers.
T h e  effect of altering the length of the b e a m  o n  the bending stresses 
at a section x =  L / 2 is s h o w n  in Fig. 3 .7 . This s h o w s  that as the 
length of the b e a m  is reduced, the b e a m  b e h a v e s  m o r e  as five 
individual laminae a n d  h e n c e  larger bending stresses are developed. 
T h e  increase in the bending stress is over 1 0 0 %  in s o m e  laminae. A s  
the length of b e a m  is increased, the b e n d i n g  stress distribution 
converges towards that of a h o m o g e n e o u s  cantilever.
A s  w o u l d  be expected, the ratio E / E c can greatly affect the bending 
stress distribution of the laminated b e a m  as is s h o w n  in Fig. 3 .8 . A s  
the interlayer stiffness is r e d uced the b e a m  tends to react m o r e  as 
five individual layers, the c o n v e r s e  being true as the interlayer 
stiffness is increased. A  reduction of half the stiffness of the 
interlayer can increase the bending stresses in the laminae by 4 0 % .
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It is not always possible to adjust the stiffness of the interlayer as its 
properties are fixed b y  the material used. It is, however, possible to 
adjust the thickness of the interlayer a n d  the effect of this 
adjustment is s h o w n  in Fig. 3 .9 . A s  the thickness of the interlayer is 
reduced, the bending stresses in the laminae are reduced. It can be 
said that reducing the thickness of the interlayer is approximately 
equivalent to increasing the stiffness of interlayer. F r o m  this it can 
be d e t e r m i n e d  that control of the thickness of the interlayer is 
important since variations in this parameter ca n  significantly affect 
the b e n d i n g  stress distribution.
3 .5 . 4  S h e a r  Stress Dis t r i b u t i o n
Interlaminar shear stresses are generated b e t w e e n  layers w h e n  a 
laminated b e a m  is subjected to bending as s h o w n  in Fig. 3 .1 0 . It can 
be  seen that the interlaminar shear stress is approximately 2 5 %  
higher than X2- Thus, if the b e a m  is liable to delaminate it will occur 
along this interface. T h e  effect of altering the length of the b e a m  on 
the interlaminar shear stress x \ is s h o w n  in Fig. 3 .1 1 . It can be seen 
in this Figure that as the span/depth ratio is increased, the m a x i m u m  
value for the interlaminar shear stress is also increased, tending to a 
m a x i m u m  value of 1.5 x o xy. Increasing values for the ratios E / E c 
a n d  c/d reduce the interlaminar shear stress as s h o w n  in Figs. 3 . 1 2  
a n d  3 . 1 3  respectively. R e d u c i n g  the thickness of the interlayer f r o m  
0 . 0 3  in to 0 . 0 1 5  in results in an increase of the interlaminar shear 
stress of 1 5 % .
T h e  transverse shear stress at a section x =  L /2 across the depth of 
the b e a m  of length 6 . 2 5  in is s h o w n  in Fig. 3 .1 4 . This s h o w s  that as 
the span/depth ratio is increased then the transverse shear stress 
tends to that of the h o m o g e n e o u s  b e a m .  T h e  converse is true of the 
ratios E / E c and c/d a s h o w n  in Figs. 3 . 1 5  and 3 . 1 6  respectively. F r o m  
this it m a y  be d e d u c e d  that if the predicted m a x i m u m  interlaminar 
shear stress is greater than the material is able to withstand then the 
ratios E / E c a n d  c/d could be increased a n d  this m a y  prevent 
delamination occurring. H o w e v e r ,  this will, as has b e e n  s h o w n  in
Section 3 .5 .3 , also increase the bending stresses in the laminae.
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A  theory has b e e n  d e v e l o p e d  to predict the transverse deflection, 
b e n d i n g  a n d  shear stresses of a five layered laminated b e a m .  This 
theory has taken into account the generation of interlaminar shear 
stresses b e t w e e n  the laminae. It has b e e n  s h o w n  that these shear 
stresses induce, b y  the shear transfer m e c h a n i s m ,  axial forces in the 
laminae.
T h e  interlaminar shear stresses h a v e  b een f o u n d  to be m a x i m u m  at 
the free e n d  of the cantilever a n d  this is where, if the stresses are of 
sufficient value, d e b o n d i n g  will originate.
T h e  ratios span/depth, E / E c a n d  c/d h a v e  all b e e n  s h o w n  to affect 
the stress distribution a n d  deflection of the b e a m .
It w a s  f o u n d  that for span/depth ratios of greater than 1 0  then the 
deflection of the laminated b e a m  w a s  approximately 1.5 times that 
of a h o m o g e n e o u s  material of similar size. A t  values of less than 1 0  
the effect of lamination increased considerably. F o r  a span/depth 
ratio of 1, the deflection of the laminated b e a m  w a s  found to be  as 
h igh as 3 4  times that of a h o m o g e n e o u s  equivalent cantilever. 
Increasing the values of the ratios c/d a n d  E / E c e m p h a s i s e s  this 
effect even more. It has b e e n  s h o w n  that b y  reducing the thickness 
of the interlayer f r o m  0 . 0 1 5  in to 0 . 0 0 7  in c a n  result in a 2 5 %  
reduction in the deflection of the laminated b e a m .
In l o w  values of the span/depth ratio, large b e n d i n g  stresses are 
generated in relation to those generated in the h o m o g e n e o u s  b e a m  of 
similar size. A s  the value of the ratio increases, the bending stresses 
tend to those of the h o m o g e n e o u s  equivalent. T h e  m a x i m u m  
bending stress in the laminated b e a m  can be over three times that of 
the h o m o g e n e o u s  one. Increasing the values of the ratios E / E c and 
c/d has been s h o w n  to increase the m a x i m u m  bending stresses in the 
laminae.
Increasing the span/depth ratio results in an increase in the 
m a x i m u m  interlaminar shear stress. W i t h  high values of this ratio,
3 . 6  C O N C L U S I O N S
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the shear stress distribution tends to that of a h o m o g e n e o u s  b e a m .
R e d u c i n g  the values of the ratios E / E c a n d  c/d also increases the
m a x i m u m  interlaminar shear stress a n d  the shear stress distribution
tends to that of a h o m o g e n e o u s  b e a m .
F r o m  these conclusions it m a y  be d e d u c e d  that to obtain an accurate 
value for the transverse deflection of a short b e a m  (span/depth <  10) 
the interlaminar shear deformation m u s t  be taken into account. In 
long b eams, high interlaminar shear stresses are generated which, if
they are of sufficient magnitude, will cause deformation initiating at
the free e n d  of the beam.
T o  obtain a laminated b e a m  of high effective stiffness, the values of
the ratios E / E c  a n d  c/d m u s t  b e  as l o w  as possible. This will,
h o w e v e r ,  increase the interlaminar shear stress a n d  so delamination 
is m o r e  likely.
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C H A P T E R  F O U R  
E X P E R I M E N T A L  I N V E S T I G A T I O N  O F  T H E  S T R E S S E S  I N  A  
F I V E  L A Y E R E D  L A M I N A T E D  B E A M
4 . 1  I N T R O D U C T I O N
Experimental verification of the theory d e v e loped in Chapter 3  w a s  
required a n d  so a photoelastic m o d e l  of a laminated b e a m  w a s
produced. T h e  dimensions for this m o d e l  are s h o w n  in Fig. 4 .1 . T h e  
r e q u i r e m e n t s  for this b e a m  w e r e  that the l a m i n a e  sho u l d  be
optically sensitive a n d  that the interlayers should be m u c h  less stiff 
than the laminae. This w o u l d  provide a m o d e l  with a high value of 
the ratio E / E c a n d  w o u l d  be able to demonstrate the effects of the 
interlaminar shear stress.
T h e  material c h o s e n  for the laminae w a s  Araldite C T 2 0 0  w h i c h  is 
m a d e  b y  C i ba-Geigy an d  has been used for m a n y  years in the field of
photoelastic stress analysis. T h e  interlayer w a s  required to be m u c h
less stiff than the laminae a n d  for this reason a silicone rubber type 
R T V  9 1 6 1  m a d e  b y  D o w  Corn i n g  w a s  chosen. W i t h  use of the correct 
primer, type R T V  1 2 0 0  also m a d e  b y  D o w  Corning, this material w a s  
f o und to adhere well to the Araldite and have a high strain to failure.
4 . 2 N O M E N C L A T U R E  A N D  G L O S S A R Y  O F  T E R M S
C D e p t h  of the Interlayer
D D e p t h  of the L a m i n a e
E Stiffness of the L a m i n a e
E c Stiffness of the Interlayer
v Poisson's Ratio
L L e n g t h  of the B e a m
t M o d e l  Thickness
W M o d e l  L o a d
f Optical Fringe Coefficient
*>y Orthogonal axes - x being along the b e a m ,  y through its
d e p t h
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Fringe or Isochromatic Fringe: A  line, along w h i c h  the relative
retardation and, therefore, the principle stress difference is constant.
Fringe O r der (N): T h e  n u m b e r  of w h o l e  or part w a v e  retardation is
in a m o d e l  counted f r o m  the zero order fringe.
Isoclinic A n g l e  (0 ): A  line along w h i c h  the direction of the principal
stress is constant. This direction coincides with either of the planes 
of polarisation in a crossed polariscope.
C o m p e n s a t i o n :  A  m e t h o d  b y  w h i c h  a fractional w a v e  retardation
m a y  be measured.
Stress-Optic L a w :  T h e  basis of all photoelastic w o r k ,  relating the
principle stress difference to the phase retardation.
4 . 3  C A S T I N G  A N D  C U R I N G  O F  A R A L D I T E  C T 2 0 0
T h e  laminae of the five layered b e a m  w e r e  manufac t u r e d  f r o m  a 1 / 4  
inch thick sheet of Araldite C T 2 0 0 . T h e  hot setting resin, C T 2 0 0 , is 
supplied in the f o r m  of small y e l l o w - b r o w n  platelets a n d  the 
separate hardener, H T 9 0 1 , as a white powder.
T h e  constituents of Araldite are w e i g h e d  out in separate vessels in 
the ratio of 1 0 0  parts resin to 3 0  parts hardener. T h e s e  are heated 
to a temperature of 1 2 0 °C for t w o  hours after w h i c h  they are then 
m i x e d  together. After the mixture has b een sieved through a N o .  
1 0 0  wire m e s h  a n d  evacuated, the Araldite is then ready for casting.
T o  obtain Araldite in sheet f o r m  it is cast in a m o u l d  m a d e  f r o m  
polished a l u m i n i u m  sheets. Before casting, the m o u l d s  h a v e  to be 
suitably prepared in order to produce sheet material of high quality. 
D u e  to the strong adhesion properties of Araldite, all surfaces that 
w e r e  to c o m e  into contact with it h a d  to be treated with a release 
agent, this being a mixture of silicone oil a n d  silicone grease. After
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being treated with the release agent, the internal surfaces are then 
lightly polished to leave a fine grease film w h i c h  enables the casting 
to be easily r e m o v e d .  T h e  a s s e m b l e d  m o u l d  is then heated to a 
temperature of 1 2 0 ° at w h i c h  point it is ready to cast the Araldite 
sheet.
T h e  preheated Araldite is p o u r e d  into the m o u l d  slowly to prevent 
aeration. After curing the casting for 1 6  hours at 1 1 0 ° C  the 
temperature is then r e d u c e d  to a m b i e n t  at 3 °C/hour. O n c e  the 
Araldite has cooled to r o o m  temperature, the m o u l d  is broken apart 
a n d  the sheet r e m o v e d .  Since Araldite is very hydroscopic the 
material has to be stored in an o v e n  at 6 0 ° C  to prevent the 
absorption of moisture w h i c h  causes e d g e  stresses to occur.
4 . 4  C A L I B R A T I O N  O F  M A T E R I A L  P R O P E R T I E S
T h e  optical a n d  m e c h a n i c a l  properties of the Araldite an d  Silicone 
R u b b e r  m a d e  for use in photoelasticity m a y  vary slightly as they are 
m a d e  u p  in small batches, as a n d  w h e n  required. T h e  variation in 
properties could be caused b y  inconsistencies in the ratio of the t w o  
constituents used to m a k e  each material or m i n o r  differences in the 
curing cycle to w h i c h  each is subjected. T h e  optical a n d  mechanical 
properties of each n e w  batch of material m u s t  be determined before 
proceeding with the experimental investigation.
4 .4 . 1  M e c h a n i c a l  Pr o p e r t i e s  of Araldite C T 2 0 0
T o  determine the Y o u n g ' s  M o d u l u s  of the cured Araldite, a tensile 
test w a s  p e r f o r m e d  o n  a s p e c i m e n  as s h o w n  in A p p e n d i x  1 .1 . T h e  
test w a s  p e r f o r m e d  in a H oundsfield tensometer m a c h i n e  type W ,  
extensions being m e a s u r e d  using a Houndsfield extenso m e t e r  type 
2 0 2 9 . F r o m  the results of this test, as given in A p p e n d i x  1 .1 , the 
Y o u n g ' s  M o d u l u s  w a s  determined as:
E  =  4 .3 5  x  1 0 5  L b f / i n 2
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4 .4 . 2  M e c h a n i c a l  Properties of the Silicone R u b b e r
In order to determine the Y o u n g ' s  M o d u l u s  of this material, a tensile 
s p e c i m e n  w a s  cast as s h o w n  in A p p e n d i x  1 .2 . It w a s  decided that an 
optical technique should b e  used to m e a s u r e  the extensions c aused  
b y  an applied load. L o a d s  w e r e  applied a n d  the resultant extension 
of the s p e c i m e n  determined b y  a travelling microscope. F r o m  the 
average values obtained f r o m  these tests as given in A p p e n d i x  1 .2 , 
the Y o u n g ' s  M o d u l u s  could be determined as:
E c =  2 6 0  Lbf/in2
T o  obtain a value for the shear m o d u l u s ,  a val&e for the Poisson's 
Ratio w a s  a s s u m e d  as:
v = 0.5
T h e  shear m o d u l u s  w a s  determined from:
E  2
G  = ....s  =  86.6 Lbf/in
c  2 (1 +  v)
4 .4 . 3  Stress-Optic Coefficient of A r aldite C T 2 0 0
In order that the photoelastic data m a y  be converted into values of 
stress, the value of the optical fringe coefficient is required. If a
k n o w n  value of stress is i n d u c e d  in a m o d e l  then the fringe
coefficient m a y  be determined f r o m  the stress-optic law. A  standard 
technique for achieving this is to p r o d u c e  a b e a m  in Araldite an d
subject it to four point bending. T h e  stresses at the centre line are 
k n o w n  explicitly and f r o m  this it is possible to determine the fringe 
coefficient.
A  small four point bending rig h a d  b e e n  constructed previously as
s h o w n  in Fig. 4 .2 . T h e  side a r m s  of this rig w e r e  p r o d u c e d  f r o m  
A l u m i n i u m  Alloy a n d  the rollers, used to transmit the loads to the 
b e a m  w e r e  m a d e  f r o m  Nylon.
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L o a d s  in the range of 5  - 1 5  L b f  w e r e  applied to the m o d e l  an d  the 
fringe order w a s  m e a s u r e d  at several points along the centre line. 
F r o m  the results of these tests, as given in A p p e n d i x  1 .3 , the fringe 
coefficient w a s  determined as:
f =  5 6 . 5  Lbf/in.fringe
4 . 5  P R O D U C T I O N  O F  T H E  F I V E  L A Y E R E D  L A M I N A T E D
B E A M
T h e  laminae of the five layered m o d e l  w e r e  roughly cut to shape 
using an air coo l e d  b a n d s a w ,  excess material being left o n  all 
dimensions to allow for the stress raising effects of cutting out. T h e  
l a m i n a e  w e r e  then m a c h i n e d  to their correct size using tungsten 
carbide cutting tools, great care being taken not to i nduce an y  
stresses.
In order to p r o duce a laminated b e a m  m o d e l  f r o m  w h i c h  repeatable 
experimental results w e r e  required, it w a s  necessary to control the 
thickness a n d  properties of the interlayer to a high degree. F o r  this 
reason an interlayer casting jig w a s  constructed in order that the 
laminae could be c l a m p e d  in a carefully controlled position while the 
silicone rubber w a s  injected as s h o w n  in Fig. 4 .3 . T o  obtain a g o o d  
b o n d  b e t w e e n  the l a m inae a n d  the interlayer, the Araldite surfaces 
that w e r e  to c o m e  into contact with the Silicone R u b b e r  w e r e  treated 
with a primer, type R T V  1 2 0 0 , w h i c h  is also m a d e  b y  D o w  Corning. 
S ma l l  spacers w e r e  placed b e t w e e n  the laminae a n d  d o w e l s  w e r e  
inserted in the holes of the outer laminae.
T h e  t w o  plates of the interlayer casting jig w e r e  brought together 
with the d o w e l s  locating in the pre-drilled holes as s h o w n  in Fig. 4 .3 . 
T h e  plates w e r e  then c l a m p e d  in this position a n d  the e n d  spacers 
r e m o v e d .  E n d  fixings w e r e  then c l a m p e d  in position b e t w e e n  the 
plates as s h o w n  in Fig. 4 .4 . Small holes, to fit the nozzle of a syringe, 
w e r e  drilled t h r o u g h  the e n d  fixings in the position of the 
interlayers. T h e  casting jig w a s  then u p e n d e d  in preparation for the 
injection of the silicone rubber.
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T h e  silicone r u b b e r  is supplied in t w o  part f o r m  b y  the 
manufacturer, D o w  Corning, a n d  is prepared b y  m i x i n g  the 9 1 6 1  
rubber with 4 %  b y  w e i g h t  of the 9 1 6 2  catalyst. T h e  mixture is
thoroughly stirred for several m i n u t e s  a n d  is then eva c u a t e d  to 
r e m o v e  a n y  trapped air. T h e  silicone rubber w a s  then poured into a 
syringe an d  injected into the interlayer through the lower e n d  fixing 
until it overflowed f r o m  the top hole. A  small a m o u n t  of silicone 
rubber w a s  permitted to collect in a pool o n  the top e n d  fixing to 
allow for a n y  d r a w  b a c k  that m a y  occur d u e  to material shrinkage on 
curing. A  very slight d r a w  b a c k  w a s  observed with the cure of the 
material. T h e  nozzle w a s  r e m o v e d  a n d  the hole plugged, the
p r o c edure being repeated for the other interlayers. T h e  Silicone
R u b b e r  w a s  sufficiently cured after an h o u r  at r o o m  temperature 
a n d  the laminated b e a m  w a s  r e m o v e d  f r o m  the casting jig.
4 . 6  L O A D I N G  R I G  D E S I G N
T h e  theoretical analysis derived in C h a p t e r  3 considered a five
layered laminated cantilever, built in at o n e  e n d  a n d  loaded with a 
transverse force at the other. This transverse force w a s  distributed 
b e t w e e n  the l a m i n a e  in s u c h  a m a n n e r  as to ensure that their
transverse displac e m e n t  w a s  identical. In order to satisfy these
conditions completely, a c o m p l e x  loading f o r m  w a s  designed a n d
constructed as s h o w n  in Fig. 4 .5 . All c o m p o n e n t s  except the d owels  
a n d  bushes w e r e  m a d e  f r o m  extrusions of A l u m i n i u m  Alloy w h o s e
material specification is covered b y  B S  1 4 7 4 . All components, w h e r e  
required, w e r e  m a n u f a c t u r e d  a n d  m a r k e d  as pairs.
T o  ensure f r e e d o m  of rotation, d o w e l s  w e r e  passed through all the 
joints a n d  circlips w e r e  fixed in small grooves to prevent lateral
m o v e m e n t  of the side arms. A  small brass b u s h  w a s  inserted 
b e t w e e n  the side a r m s  at the pivot point in order to reduce the
sliding friction b e t w e e n  these c o m p o n e n t s .  D o w e l s  of 1 /1 6 " diameter 
w e r e  used to transmit loads f r o m  the side a r m s  to the laminated 
b e a m .  T o  eliminate the excessive deflection of the d o w e l  b e t w e e n  
the outer side a r m  a n d  the b e a m ,  a brass bush w a s  fitted to the a r m  
as s h o w n  in Fig. 4 .5 .
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T h e  swinging side a r m s  allowed the laminae to deflect independently 
in an axial direction but restricted t h e m  to the s a m e  transverse 
deflection. This effect is s h o w n  in greatly exaggerated f o r m  in Fig. 
4 .6 . It w a s  not thought necessary to use side a r m s  for all the 
laminae as correct deformation of the outer t w o  layers should ensure 
reasonably correct deformation of the inner three. This is because 
the thin interlayer w o u l d  allow little relative transverse deflection 
b e t w e e n  the laminae.
Hol e s  of 1/8 " diameter w e r e  drilled in the central a n d  outer laminae 
at the m i d - s p a n  of the laminated b e a m ,  into w h i c h  d o w e l s  w e r e  
inserted. Plates with m a t c h i n g  holes w e r e  placed either side of the 
b e a m  a n d  f r o m  these the loads w e r e  applied as s h o w n  in Fig. 4 .6 . 
This pr o v e d  to be an adequate m e a n s  of applying loads to the bea m .
4 . 7  O P T I C A L  S Y S T E M  A N D  P H O T O E L A S T I C
O B S E R V A T I O N S
All the photoelastic m o d e l  analysis w a s  p e r f o r m e d  o n  a conventional 
Jessop an d  L e e c h  polariscope for w h i c h  the relative positions of the 
optical elements are s h o w n  in Fig. 4 .7 . This enabled a parallel but 
diffuse b e a m  of light to be passed through the model. T o  ensure that 
all readings w e r e  taken n o r m a l  to the direction of the light, a 
travelling m i c r o s c o p e  w a s  focussed on the point of interest. T h e  
required m e a s u r e m e n t s  could then be m a d e  a n d  the m i c r o s c o p e  
m o v e d  to the next point.
W i t h  pol y c h r o m a t i c  light, the polariser a n d  analyser crossed an d  
coupled, the isoclinic parameter could be determined. T h e  fringe 
order could then be determined at this point. S e n a r m o n t  d e v e loped 
a c o m p e n s a t i o n  technique that has been s h o w n  b y  Jessop (2 2 ) to be 
able to resolve 0 . 0 1  fringes. This m e t h o d  requires m o n o c h r o m a t i c  
light to be used a n d  the quarter w a v e  plate to be inserted b e t w e e n  
the m o d e l  a n d  analyser.
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4 .8 E X P E R I M E N T A L  T E C H N I Q U E S
Araldite is a material w h i c h  is highly hygroscopic a n d  the absorption 
of moisture causes e d g e  stresses to appear in the m odel. F o r  this 
reason the m o d e l  w a s  stored in an o v e n  at a steady temperature of 
6 0 °C. W h e n  the m o d e l  w a s  required for testing it w a s  r e m o v e d
f r o m  the o v e n  a n d  allowed to cool to r o o m  temperature for half an 
hour. T h e  m e r c u r y  v a p o u r  l a m p  w a s  preheated for half an hour
before use. O n c e  the m o d e l  h a d  cooled it w a s  fixed to the loading rig 
a n d  this w a s  in turn attached to the photoelastic bench.
A  load of 1 4  L b f  w a s  applied to the m o d e l  in the f o r m  of d e a d
weights. This load p r o d u c e d  a distinct fringe pattern in the m o d e l  but
did not submit the materials to stresses b e y o n d  their elastic range. 
R e a d i n g s  w e r e  not taken straight after loading but w a s  left for 1 0  
minutes to allow for the initial creep of the materials. After a set of 
photoelastic readings h a d  b e e n  taken, the m o d e l  w a s  returned to the 
o v e n  for storage.
It required a period of time to p e r f o r m  all the observations o n  the 
model. It w a s  thought that the properties of the silicone rubber m a y  
h a v e  c h a n g e d  with time d u e  to its storage in the drying o v e n  at 
6 0 °C. T h e  stiffness of this material w a s  tested at the beginning and
c o m p l e t i o n  of the test p r o g r a m m e  but n o  significant c h a n g e  w a s
found.
4 . 9  A N A L Y S I S  O F  T E S T  D A T A
Photoelastic observations w e r e  taken along four transverse sections 
of the m o d e l  as s h o w n  in Fig. 4 .8 . Five equispaced scribe m a r k s  w e r e  
m a d e  o n  each of the laminae to enable the photoelastic observations 
to be m a d e  with ease. T h e  m i d  position b e t w e e n  scribe m a r k s  could 
b e  de t e r m i n e d  with reasonable accuracy a n d  further readings w e r e  
taken at these points, m a k i n g  a total of nine per laminae. T h e  
interlayer, being m a d e  f r o m  silicone rubber, w a s  not transparent, 
a n d  so the stresses could not be d e d u c e d  in this region.
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D u r i n g  the m a n u f a c t u r i n g  process stresses w h i c h  c o u l d  not be 
r e m o v e d  w e r e  inevitably i n d u c e d  in the laminae. T h e s e  stresses, 
p r e d o m i n a n t l y  a r o u n d  the laminae/interlayer interface w e r e  thought 
liable to seriously affect the experimental results. It is possible to 
r e m o v e  the effect of these initial stresses b y  use of the correct 
ex perimental technique.
This technique involves the taking of t w o  sets of readings, the second 
being taken with the direction of the loads being reversed f r o m  that 
of the first as s h o w n  in Fig.s 4 . 9  - 4 .1 0 . T h e  subtraction of the second 
results f r o m  the first a n d  the division b y  t w o  r e m o v e s  the effect of 
the initial stresses.
It has b e e n  s h o w n  b y  K e m m o c h i  a n d  U e m u r a  (1 8 ) that the n o r m a l  
force b e t w e e n  laminae is small a n d  in the theoretical analysis of the 
previous section it w a s  neglected. If the stresses c aused b y  this 
n o r m a l  force are neglected in the photoelastic analysis then the 
m e t h o d  b y  w h i c h  the bending an d  shear stresses m a y  be obtained is 
greatly simplified. In m a thematical terms, the b e n d i n g  a n d  shear 
stress at a point in the laminae m a y  be defined as:
= n  (N 1 cos (2V  '  N2 cos m 2])
w h e r e  Ni, 0i are obtained f r o m  the first loading direction an d  N2, 02
f r o m  the second.
T h e  shear stress m a y  be expressed as:
a  =  —  ( N  sin ( 2 0  ) - N  sin ( 2 0  ))
xy 4 t v 1 v v  2 v 2"
4 . 1 0  C O M P A R I S O N  O F  E X P E R I M E N T A L  A N D
T H E O R E T I C A L  R E S U L T S
T h e  experimental results for the b e a m  are given in A p p e n d i x  5 . 
T h e y  h a v e  b e e n  c o m p a r e d  to the theoretical predictions obtained
f r o m  using the analysis d e v e l o p e d  in C h a p t e r  3 . T h e  results
presented here h a v e  b e e n  m a d e  n o n d i m e n s i o n a l  to r e m o v e  a n y  
effects d u e  to the scale of the b e a m  of the value of the load. T h e
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b e n d i n g  stress results h a v e  b e e n  divided b y  the m a x i m u m  b e n d i n g  
stress that w o u l d  o c c u r  at the s a m e  section in a h o m o g e n o u s  
cantilever of similar external dimensions:
6 W  (L - X )  
a  =  2
x (5 d +  4 c)
Likewise, the shear stress results h a v e  b e e n  divided b y  the average 
shear stress that occurs in a h o m o g e n o u s  cantilever of similar 
external size.
a = -----^ ------
*y (5 d  +  4 c)
Since the b e a m  w a s  symmetrical about its mid-position, the results 
f r o m  sections A  - D  a n d  also B  - C  m a y  be plotted together as results 
w e r e  similar.
C o m p a r i s o n s  b e t w e e n  the theoretical predictions a n d  experimental 
results for the bending stresses at sections A  - D  and B  - C  are s h o w n  
in Fig.s 4 .1 1 / 4 .1 2 . It m a y  be seen that the theoretical predictions 
a n d  experimental results are in close a g r e e m e n t  with each other for 
all positions at these sections, the m a x i m u m  error being less than 
10%.
T h e r e  are con s i d e r a b l e  discrepancies b e t w e e n  the theoretical 
predictions a n d  e x p e r i m e n t a l  results for the shear stresses at 
sections A  D  a n d  B  C, comparisons b e t w e e n  the t w o  m a y  be seen in 
Fig.s 4 .1 3 /4 . 1 4  respectively. T h e  reason for these large errors, u p  to 
1 0 0 -1 5 0 %  in s o m e  areas, is the inaccuracy in measuring the isoclinic 
angles within the laminae.
M o s t  of the isoclinic angles m e a s u r e d  in the laminae w e r e  within the 
ranges 0 °~1 0 ° a n d  8 0 °-9 0 \  Allison (2 3 ) has estimated that the 
isoclinic angle m a y  only be resolved to ± 2 ° in m o s t  cases. A  simple 
error analysis as s h o w n  in Fig. 4 . 1 5  m a y  be used to s h o w  that an 
inaccuracy of ±2°, w h e n  the isoclinic angle is within these ranges, 
has considerable effect o n  the predicted value of the shear stress.
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T he general equation for the shear stress at any point is g iven  by:
a  =  —  sin (2 9 ) 
xy 2t
W h e n  0  is in the range 0 ° - 1 0 ° or 8 0 ° - 9 0 °, the effect of an 
error of ± 2 ° on the sin (2 0 ) part of the equation is considerable. A s  
the isoclinic angle approaches 4 5 °, the effect of an  error of ± 2 ° is 
r e d u c e d .
T h e  converse is true for the bending stress results. T h e  general f o r m  
of the bending stress equation is:
a  =  —  cos (20) 
x t
A n  error of ± 2 ° w h e n  0 is in the range 0 ° - 1 0 ° or 8 0 ° - 9 0 ° will 
have little effect o n  the bending stress.
4 . 1 1  C O N C L U S I O N S
A  photoelastic m o d e l  of a five layered laminated b e a m  has b e e n  
constructed in order to investigate the be n d i n g  a n d  shear stresses 
that occur at several positions along its length. T h e  experimental 
results h a v e  b e e n  c o m p a r e d  to theoretical prediction obtained f r o m  
the analysis developed in Chapter 3 .
T h e  experimental b e n d i n g  stress results h a v e  b e e n  f o u n d  to be in 
g o o d  a g r e e m e n t  with the theoretical predictions. C o n s i d e r a b l e  
scatter w a s  f o u n d  in the experimental values for the shear stress. 
This has b e e n  s h o w n  to be d u e  to inaccuracies in the experimental 
readings of the isoclinic angle. T h e  experimental results w e r e  of 
sufficient a c c u r a c y  to c o n f i r m  the analysis u s e d  to m o d e l  the 
generation of the interlaminar shear stress.
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VC H A P T E R  F I V E  
A  S I M P L I F I E D  S O L U T I O N  T O  T H E  B E N D I N G  A N D  S H E A R  
S T R E S S E S  D E V E L O P E D  I N  A  M U L T I - L A M I N A T E D  B E A M
5 . 1  I N T R O D U C T I O N
T h e  theoretical m o d e l  for a five layered laminated b e a m  has been 
s h o w n  in C h a p t e r  3  to accurately predict the b e n d i n g  a n d  shear 
stresses in a cantilever w h e n  subjected to a transverse e n d  
displacement. It w a s  s h o w n  in this theory that the interlaminar 
shear stress that d e v e l o p  b e t w e e n  t w o  layers d e p e n d s  u p o n  the 
stiffness of the adjacent l a m i n a e  a n d  their position a w a y  f r o m  the 
centre of the b e a m .  This theory w a s  restricted to cantilevers of five 
laminae, e a c h  w ith the s a m e  material properties. M a n y  real 
engineering applications vary f r o m  this in several ways.
M o s t  engineering laminates that are m a d e  f r o m  fibre c o m p o s i t e  
materials are m a d e  f r o m  m a n y  layers (perhaps 3 0 - 5 0  in total), each 
of w h i c h  m a y  h a v e  different material properties. This occurs 
b e c a u s e  the orientation of the fibres m a y  be arranged to react the 
various loads that are often applied to structures. T h u s  in a n y  one 
direction, the stiffness of the l a m i n a e  m a y  c h a n g e  f r o m  layer to 
layer. It is h o w e v e r  usual to arrange the l a m inae in a s y m m e t r i c  
fashion about the centre line of the b e a m  since this creates a 
balanced laminate that will deflect out of plane w h e n  subjected to an 
inplane force. A  theory to solve this group of p r o b l e m s  is developed 
in this Chapter.
5 . 2  T H E O R E T I C A L  M O D E L  A R R A N G E M E N T
T h e  theoretical m o d e l  developed in this Chapter is concerned with a 
laminated cantilever constructed f r o m  'n' l a m inae as s h o w n  in Fig. 
5 .1 , w h e r e  'n1 is positive a n d  odd. T h e  cantilever is of unit width and 
is subjected to a transverse point e n d  load, 'W'. T h e  e n d  load is
distributed b e t w e e n  all the laminae in such a w a y  as to cause all the 
layers to h a v e  the s a m e  transverse deflection at similar sections. 
T h e  theory specifies that the material stiffnesses of each layer are 
s ym m e t r i c  about the centre line of the b e a m ,  i.e. Ei =  E_i.
9 2
In order to p r o d u c e  a closed f o r m  theory, a s s u mptions h a v e  b e e n  
m a d e  about the stress distribution a n d  displacement of each laminae. 
T h e s e  assumptions are bas e d  u p o n  the w o r k  of S o o m r o  (2 ). This is 
required since obtaining values for the coefficients of the differential 
equations in terms of the interlaminar shear stress b e c o m e s  c o m p l e x  
with increasing n u m b e r s  of laminae. Their values could only be  
f o u n d  b y  use of approximate numerical techniques. In the theory for 
the simple five layered laminated cantilever the layers w e r e  loaded 
in s u c h  a w a y  that their transverse e n d  deflection w a s  identical. 
Their relative axial deflection w a s  not defined at all but in this 
theory, the axial deflection of the centre of e ach laminar is linked to 
its relative distance a w a y  f r o m  the central axis of the b e a m  as s h o w n  
in Fig. 5 .2 . This m a y  be written:
U 2 = 2 U 1’ U 3 =  3 U 1> etC
Since the b e a m  is s y m m e t r i c  about the central axis, the longitudinal 
deflection of the central laminae is always zero.
In the theoretical analysis d e v e l o p e d  in C h a p t e r  3 , the material 
stiffnesses a n d  transverse deflections of the l a m i n a e  w e r e  similar 
a n d  consequently the m o m e n t s  that e ach laminar w a s  subjected to 
w e r e  also similar. In this n e w  solution this is n o  longer true since 
the properties of the l a m i n a e  vary through the depth of the b e a m .  
T h e  m o m e n t s  in the laminae are n o w  linked b y  the equation:
T h e  conditions a n d  assumptions used in this theory are:
1 ) T h e  individual c o m p o n e n t s  are considered to be in a state 
of plane stress.
2 ) E a c h  lamina^ is considered to act as a simple elastic b e a m  
subjected b e n d i n g  a n d  shear stresses.
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3 ) T h e  b e n d i n g  stresses vary linearly through the depth of
e a c h  l amina ,
4 ) T h e  vertical displacement of the laminae are the same.
5 ) C o m p l e t e  b o n d i n g  occurs b e t w e e n  the l a m i n a e  a n d  the
interlayers a n d  both materials exhibit linear elastic 
properties.
6) T h e  interlayer is thin in c o m p a r i s o n  to the thickness of 
the l a m i n a e  a n d  is only subjected to shear stresses. 
T h e s e  shear stresses are constant across the depth of the 
interlayer.
5 . 3  N O M E N C L A T U R E
c D e p t h  of interlayer
d  D e p t h  of laminae
E  Y o u n g ’s m o d u l u s  of the laminae
E c Y o u n g ’s m o d u l u s  of the interlayer
v Poisson's ratio of the interlayer
L  L e n g t h  of the cantilever
W  Transverse e n d  load
I S e c o n d  m o m e n t  of area of the laminae
n  Total n u m b e r  of laminae
M  B e n d i n g  m o m e n t  in each laminae
S  Transverse shear force in each laminae
T  Axial force in the laminae
x Interlaminar shear stress
U  Longitudinal extension d u e  to an axial force in the
l a m i n a e
V  Vertical deflection of the laminae
i T h e  n u m b e r  given to the laminae
El, E2, E3 Constants given b y  the properties of the laminae 
m ,  Z  Constants given b y  the properties a n d  dimensions of the
l a m i n a e  a n d  interlayers 
A, B  Constants of integration
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5 . 4  S O L U T I O N  F O R  T H E  B E N D I N G  O F  A  M U L T I ­
L A M I N A T E D  B E A M
5 .4 . 1  E q u i l i b r i u m  E q u a t i o n s  f o r  a  M u l t i - L a m i n a t e d
B e a m
A  discrete element, a distance x  a w a y  f r o m  the built in e n d  is
considered as s h o w n  in Fig. 5 .3 /5 .4 . F r o m  consideration of the
balance of longitudinal forces then:
jL .  t  + t = 0
d x  (n-l)/2 (n-l)/2 5
—  T  + x  - x = 0  d x  <n-3>/2 (n-3)/2 (n-l)/2
—  T  +  x - x =  0
d x  5 .I.(n-l) / 2
F r o m  consideration of the balance of m o m e n t s  for each element then:
M  + S - r  /n_ n n  = 0d x  (n-l)/2 (n-l)/2 2 ( 5 2  l
— M  +  S  - i x  +  t = 0d x  (n-3)/2 (n-3)/2 2  (n-J)/2 (n'3 )/2 5 2  2
d M .o +  S„ - dt, =  0
d x  ° 1 5 .2 .(n-l ) / 2
F r o m  consideration of the total m o m e n t s  a n d  shear forces reacted at 
this section then:
E (n-l)/2 (n-l)/2
S. +  2c Z j  T. =  W-(n-l)/2 i " l  i 5 3 1
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X (n-l)/2 ^ (n - l) /2
M .  +  2 (d+c) Z u  iT. =  W ( L - x )
-(n-l)/2 i v / " l  1 v 5 3 2
E a c h  lamina is a s s u m e d  to b e h a v e  as a simple elastic b e a m .  T h e y  
are also a s s u m e d  to be of similar size a n d  to deflect an  equal a m o u n t  
thus:
d 2V
E I-------(n-l)/2 dx (n-l)/2 5 ^ ^
d 2V
E l  —— ^  = M° 2 o
d x  5 .4 .(n-l) / 2
T h e  m e c h a n i s m  b y  w h i c h  interlaminar shear stresses are generated 
is s h o w n  in Fig. 5 . 5  an d  since the deflections of the laminae at similar 
sections are the same, the following equations are obtained:
2(l+v)c _  (d j d V .  _ w
F 1 V '  riv 1E d x
c 5 .5 . 1
2 (l+v)c _  (d+c) d V .  +  u  u
E  2 v d x  1 2
0 5 .5 . 2
,2 (1 + v )c x =  (d + c ) d V  + u
E  (n-l) /2  v ’ d x  (n-3)/2 (n - l ) /2
c 5 .5 ( n - l ) / 2
w h e r e
^ L l = T l .
d x  E , d
1 5 .6 . 1
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d U  T  -CiLq)/2= . (n.-l)/2,
d x  E  d
(n'1>/2 5 .6 ( n - l ) / 2
5 .4 . 2  Solution of E q u i l i b r i u m  E q u a t i o n s  in T e r m s  of the 
I n t e r l a m i n a r  S h e a r  Stress
Equation 5 .5 . 1 m a y  be differentiated with respect to x
c d x i d 2v  d U i2 (1+ V ) =  (d+c) 2J L  . _ _ L
E  d x  . 2  d xc dx' 5 .7 . 1
Equations 5 .4 (n-l)/2 a n d  5 .6 . 1 m a y  b e  substituted into 5 .7 .1 , w h i c h  
in turn m a y  be differentiated to give:
2
A d  x, ,A , s d M rt d T  !
2 (1 -hV ) —  L =  I ± t £ l  0  L J —
E  j  2 E T  d x  d x  E d
c o x  o 1 5 7 2
It is s h o w n  in A p p e n d i x  3  that equations 5 .2 . 1 to 5 .2 (n-l)/2 m a y  be 
r e d u c e d  to:
-2(d+c) E  d T  2
d M  -----------51----   l a  i E. - W Ea M o E  d x   » 0
d x  y«(n-l)/2
^-(n-l)/2 i 5 7 3
It is also s h o w n  in A p p e n d i x  3  that equations 5 .1.1 to 5 .1 (n-l)/2 
m a y  be  reduced to:
d T i _ V 5,
d x  V ^ ( n - D / 2 i E .
1 5 . 7 . 4r;
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E q u a t i o n  5 .7 . 4  m a y  be substituted into 5 .7 . 3  w h i c h  in turn c a n  be 
substituted into 5 .7 . 2  to provide the result:
9 r  9 2
d  x f  (d+c)IE 2 , i E. 1_ _ ^ X _________ c ~ c____  i
. 2  i t  x^fn-n/2
E_c
,  I V  ^ i(n -l) /  v 'C 11-1)/2 X^O i-l)/2
d x  ( l + v ) I c X  i E . X  E. 2 ( l + v ) c d X  iE.v / _(n_i)/2 i v 7 i
2 ( l + v ) I c X  E.
" - < n - l )/2 i 5 7 5
L e t
s  = r
(n-l)/2
X,=E* - * i
(n-l)/2 2
i E
Y 1 \~<n-1)/2
X  = X  E.
" 3  " - ( n - l )/2 i
T h u s  equation 5 .7 . 5  b ecomes:
d V  I  ( d + c ) \ Y  E,
2  1 ■  X T ' X T ' X T '
d x  I  I c 2 , , 2 , 3 ( 1 + v )  Z d + v ^ d l . ,
W ( d + c ) E
2 I c X 3d + v )
3 5 .7 . 6
T h e  solution of this equation is of standard f o r m  a n d  is found to be
t i =  A c o s h ( m x )  - f B s i n h ( m x )  + Z  5 7 7
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w h e r e
(d+c)2E Y .
I c X 1X 3(l+ v ) 2 ( l+ v )c d X
W ( d + c ) E  
z Z  = ------------
2Icm2^ 3( l+ v )
T h e  constants A  a n d  B  are f o u n d  b y  the application of the correct 
b o u n d a r y  conditions to equation 5 .7 . 7  a n d  are f o u n d  in A p p e n d i x  3  
to be  given by:
A  =  -Z
B  =  - A t a n h ( m L )
F r o m  equations 5 .7 .7 , as s h o w n  in A p p e n d i x  3 , the value of all the 
interlaminar shear stresses m a y  be determined:
x v-< (n-l)/2
T. = —i - J L  iE.- t t  " i  i
5 .7 . 8
F r o m  equations 5 .7 . 4  a n d  5 .7 . 9  the longitudinal force in laminar 1 is 
f o u n d  to be:
E,
T  = ....    ( A s i n h ( m x )  _  B ( c o s h ( m x ) )  +  m Z ( x - L ) )
X  m
1 5 .7 . 9
T h e  longitudinal forces in the other laminae, as s h o w n  in A p p e n d i x  3 , 
is given b y  the equation:
99
E.
T. =  iT — *c 
i 1 E l 5 .7 . 1 0
E q u a t i o n  5 .7 . 3  defines the differential of the m o m e n t  in the central 
laminae. This m a y  be integrated with respect to x  a n d  b y  use of the 
correct b o u n d a r y  conditions, as s h o w n  in A p p e n d i x  3 , p r o d u c e  the 
result:
2 ( d + c ) E „ X
= --------------2 (A s i n h ( m x )  +  B c o s h ( m x )  +  m Z ( x - L )
m'3
W E n(x-L)
5 .7 . 1 1
A s  the deflection of the laminae at similar sections are identical, then 
f r o m  equations 5 .4 . 1  to 5 .4 (n-l)/ 2 the m o m e n t  in a n y  lamina is 
f o u n d  to be:
E.ML 
M .  =  — 1— 2 .
1 E
0 5 .7 . 1 2
T h e  general equation for the transverse shear stress across a section 
of a b e a m  is given by:
% , =  yjn  —  a  . d y  +  xJ -d/2 Hv xxixyi  /  dx i (i+1) 5 7 13
w h e r e
T
a . = —i  - M. 
XX! d 1 I
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iT E. E . M _  
a =  LJ. - X- - i  -Q
d E  I 1 o
Substituting this into equation 5 .7 . 1 3  a n d  solving the integral 
provides the results:
S u b s t i t u t i n g  e q u a t i o n s  5 . 7 . 1 0  a n d  5 . 7 . 1 2  i n t o  this p r o v i d e s :
f - }  fxyi
—  2 j  iEY ' "— i+l 1
1 5 .7 .1 4 -
E q u a t i o n  5 .7 . 1 1  substituted into 5 .4 (n-l)/2 provides:
d V  2 (d + c )X ,
=  — —  — —  ( A s i n h m x  +  B c o s h m x  +  m Z ( x - L )
d* Z . X m l3
_ W ( x - L )
X  i
3 5.7.15
E q u a t i o n  5 .7 . 1 5  m a y  be integrated twice w ith respect to x to 
determine the deflection of the laminated b e a m .
T h e  integrals m a y  be solved using the b o u n d a r y  conditions of: 
x =  0
v  = ^  = o
d x
101
W i t h  these conditions, the deflection of the laminated b e a m  is f o u n d  
to be:
2 (d + c )X ,
V   ----------------( A ( s i n h m x  - m x )  +  B ( c o s h m x - l ) )
3t m  I3
, m 3Z x 2(x-3 L~)) _ W x 2(x-3 L )
6
i
3 5 .7 . 1 8
S .5 DISCUSSION OF TH E TH EO R ETIC AL RESULTS
5 .5 .1  In t r o d u c t io n
In order to justify the additional approximations m a d e  in this theory, 
it is necessary to c o m p a r e  it to a solution w h i c h  is k n o w n  to be 
accurate. T h e  theory d e v e l o p e d  in Chapter 3  for the b e n d i n g  a n d  
shear stresses in a five layered laminated b e a m  w a s  s h o w n  to be 
a ccurate w h e n  the va l u e s  it p r e d icted w e r e  c o m p a r e d  to 
e x p e r i m e n t a l  results o b t a i n e d  f r o m  a photoelastic m o d e l .  A  
c o m p a r i s o n  of the values predicted b y  the theory of C h a p t e r  3  a n d  
this simplified o n e  for similar b e a m s  w o u l d  indicate the validity of 
the assumptions m a d e .  A  b e a m  with the following di m e n s i o n s  an d  
properties is considered:
L = 6 . 2 5 inches
d = 0 . 2 7 inches
c = 0 . 0 3 inches
E = 4 . 3 5  E 5 L b f / i n 2
E c = 6 4 0 L b f / i n 2
W = 2 8 L b f
T h e  results are presented in n o n d i m e n s i o n a l  f o r m  to r e m o v e  any  
effects d u e  to the dimensions of the b e a m  or the applied load.
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T h e  transverse e n d  deflections h a v e  b e e n  divided b y  that w h i c h  
w o u l d  be expected for a h o m o g e n e o u s  b e a m  of similar dimensions. 
This is given by:
E ( n d  +  (n-l)c)3
T h e  b e n d i n g  stresses h a v e  b e e n  m a d e  n o n d i m ensional b y  division of 
the stresses that w o u l d  occur in a h o m o g e n e o u s  b e a m  at a similar 
section. Thus:
0  _  6 W ( L - x )
( n d  +  (n-l)c)2
T h e  shear stresses h a v e  b e e n  divided b y  the average shear stress 
that w o u l d  occur in a h o m o g e n e o u s  b e a m  of similar dimensions. This 
is given by:
a =  2 ---------
xy (nd +  (n-l)c)
5 .5 .2  Com parison o f the Transverse End Deflection
T h e  p e r c e n t a g e  error b e t w e e n  values for the transverse e n d  
deflection as predicted b y  the t w o  theories is s h o w n  in Fig. 5 .6 . T h e  
error has b e e n  s h o w n  for a range of values of the ratio E / E c. It can 
be seen that the m a x i m u m  discrepancy b e t w e e n  the t w o  theories is 
a p p r oximately 1 0 % .  Altering the ratio c/d d oes not significantly 
affect the m a g n i t u d e  of the m a x i m u m  discrepancy but it does affect 
w h e r e  it occurs in the ratio E / E c as s h o w n  in Fig. 5 .6 .
T h e  values used for the dimensions a n d  stiffnesses of the laminated 
b e a m  h a v e  b e e n  c h o s e n  so as to coincide with the position of 
m a x i m u m  error for the displacement b e t w e e n  the t w o  theories. T h e  
results presented in the following sections will b e  the 'worst case' 
an d  for other b e a m s  with different values for the ratios E / E c or c/d, 
the accuracy m a y  be increased.
1 0 3
5 .5 .3  Com parison o f Bending Stress Results
A  c o m p a r i s o n  of the n o n d i m e n s i o n a l  b e n d i n g  stresses p r o d u c e d  b y  
the full an d  simplified theories for positions L / 2 is s h o w n  in Fig. 5 .7 .
O f  m a j o r  im p o r t a n c e  is the fact that the m a x i m u m  stresses w h i c h  
occur o n  the outer surfaces of the b e a m  are within 2 %  of each other.
A  failure m o d e  of laminated b e a m s  is for the axial stress in a lamina^ V  
to e x c e e d  the value that the material is able to withstand. In a 
laminated b e a m  c o m p o s e d  of layers of the s a m e  material stiffness, 
this failure is m o s t  likely to occur at the outer surfaces of the b e a m .
H i g h  accuracy is required of a n y  theory in predicting this m a x i m u m  
axial stress of the laminar. T h e  strains caused b y  bending m a y  also 
b e  f o u n d  f r o m  this simplified theory a n d  are given in Fig. 5 . 8  for the 
five layered b e a m .
5 .5 .4  Com parison o f the Predicted In te r la m in a r Shear
S tresses
A  c o m p a r i s o n  of the n o n d i m e n s i o n a l  shear stress as predicted by 
both theories is given in Fig. 5 .9 . It s h o w s  that the simplified theory 
is in g o o d  a g r e e m e n t  (within 5 % )  with the full analysis as developed 
in Chapter 3 . It should b e  noted that the simplified theory predicts 
values for the m a x i m u m  interlaminar shear stress that are greater 
than those predicted b y  the full analysis. H o w e v e r ,  the simplified
theory predicts low e r  values for %2 than those obtained f r o m  the full
analysis.
5 .5 .5  Com parison o f the Predicted Shear Stress Values
A  c o m p a r i s o n  of the n o n d i m e n s i o n a l  shear stress result as predicted 
b y  the t w o  theories for position L / 2 is s h o w n  in Fig. 5 .1 0 . It can be 
seen that they are in g o o d  a g r e e m e n t  with each other for the entire 
depth of the b e a m .  T h e  m a x i m u m  error b e t w e e n  the t w o  results is 
6%.
1 0 4
It should be noted that the theory predicts values for the
m a x i m u m  laminar shear stress that are higher than those obtained 
f r o m  the full analysis.
T h e  shear strains m a y  also b e  deter m i n e d  for this b e a m  f r o m  this
simplified theory as s h o w n  in Fig. 5 .1 1 . This s h o w s  that the strain in 
the interlayers is considerably higher than those of the laminae.
5 .6  TH EO R ETIC AL RESULTS FOR THE BENDING OF A
M U L T I-L A M IN A T E D  BEAM
5 .6 .1  In t r o d u c t io n
T h e  properties of the b e a m s  discussed previously h a v e  not b e e n
typical for real laminated structures a n d  it is also c o m m o n  for 
structures to possess m o r e  than five laminae. In this section, t w o  
types of laminated cantilever will b e  discussed, each of w h i c h  m o d e l s  
a m o r e  realistic c o m p o s i t e  structure.
5 .6 .2  Com parison o f Results
A s  has b e e n  m e n t i o n e d  before, on e  of the distinct advantages of fibre 
c o m p o s i t e  materials i s  that the orientation of the fibre m a y  b e  
adjusted to react the applied loads. In this first example, the fibres 
h a v e  b e e n  aligned along the b e a m  to react the transverse load. T h u s
all of the eleven layers h a v e  similar properties.
ies a n d dimensions of the b e a m  are:
L — 1 0 0 inches
D = 0 . 1 5 inch
C = 0.01 inch
El = 2  x 1 0 7 L b f / i n 2
Et = 2  x 1 0 6 L b f / i n 2
Ec = 4  x 1 0 5 L b f / i n 2
n = 11
1 0 5
w h e r e
E l  =  Longitudinal m o d u l u s  of a unidirectionally
aligned c o m p o s i t e  
E t  =  Transverse m o d u l u s  of a unidirectionally
aligned composite.
T h e  n o n d i m e n s i o n a l  b e n d i n g  a n d  shear stress results for a section 
x  =  L / 2 are s h o w n  in black in Figs. 5 . 1 2  a n d  5 . 1 3  respectively.
In the s e c o n d  f o r m  of b e a m ,  several l a m i n a e  h a v e  h a d  their 
orientation turned through an angle of 9 0 °. This is an e x a m p l e  of a 
b e a m  that not only has to react the transverse e n d  load but also 
requires additional stiffness through the width of the cantilever. It 
is the transverse stiffness of these l a m i n a e  that is taken w h e n  
subjecting the cantilever to an e n d  load. U s i n g  standard notation, the 
layup of the b e a m  is:
L a y u p  [O2, 9 0 2, 0 3 , 9 0 2, 0 2]
T h e  n o n d i m e n s i o n a l  b e n d i n g  a n d  shear stress predictions for this 
b e a m  at a section at x  =  L / 2  are s h o w n  in red in Figs. 5 . 1 2  a n d  5 .1 3 . 
T h e s e  figures clearly s h o w  the effect of altering the orientation of the 
laminae. T h e  b e n ding stresses in the external laminae are higher in 
this instance than w h e n  the l a m i n a e  w e r e  of the s a m e  stiffness. 
H o w e v e r ,  the interlaminar shear stress, -r, (this being the largest one 
of any) is lower in this b e a m  than with the previous one.
T h e  m e t h o d  of altering ply orientation c a n  thus be u s e d  for 
increasing/decreasing the stiffness of the b e a m  a n d  the interlaminar 
shear stress to c o p e  with the required conditions.
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A  theory has b een d e v eloped to predict the transverse end 
deflection, bending and shear stresses that occur in a cantilever 
subjected to a transverse e n d  load. This theory has allowed an 
unlimited but o d d  n u m b e r  of laminae to be considered. T h e  theory 
has also allowed for the effect of different laminae properties to be 
included.
T o  obtain a simple closed form solution an approximation to the axial 
displacement of the laminae has had to be made. It has been 
proposed to linearly relate the axial displacement of the laminae to 
their distance from the centre line of the beam. T h e  effect of this 
approximation has been investigated and s h o w n  to be slight w h e n  
c o m p a r e d  to a previously proved analysis. T h e  m a x i m u m  error 
b e t w e e n  the t w o  analyses for the transverse e n d  deflection w a s  
found to be approximately 10%. Similar errors have been found for 
the bending and shear stresses
T h e  effect of different laminae properties has been investigated and 
is s h o w n  to be considerable, especially for the interlaminar shear. 
Altering the layup of the b e a m  can substantially reduce (by up to 
1 3 % )  the m a x i m u m  interlaminar shear stress.
5 .7  CONCLUSIONS
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TH EO R ETIC A L ANALYSIS TH E BENDING OF A TWO LA Y ER ED  
BEAM SUBJECTED TO A DISTRIBUTED LOAD OVER PART OF
ITS SPAN
6.1 INTRODUCTION
A  theory will be developed to predict the elastic bending and shear 
stresses in a t w o  layered laminated b e a m  subjected to a distributed 
load over part of its span as s h o w n  in Fig. 6.1. A  distributed load is 
used as a first approximation to that whi c h  is generated b y  t w o  
bodies in contact as s h o w n  in Fig. 6.2. In laminated b e a m s  subjected 
to bending, shear stresses are generated in the interlayer by the 
differential displacement of one laminae to the adjacent one. These 
shear stresses, superimposed u p o n  these generated by the contacting 
bodies m a y  cause delamination to occur. It has not been possible to 
investigate with this theory the very localised effects of a b o d y  in 
contact with a laminated b e a m  but rather considers the 
consequences of distributing the load over part of the b e a m ’s span.
6.2 TH EO R ETICA L M ODEL ARRANGEMENT
T h e  theoretical m o del as s h o w n  in Fig. 6.3 considers half of the b e a m  
as given in Fig. 6.1. T h e  equations are simplified by using only half 
the b e a m  w h ich is m a d e  possible by the s y m m e t r y  of the loading 
conditions used. T h e  laminate is in its mos t  simple form possible, 
this being two stiff laminae joined by a flexible interlayer. T h e  b e a m  
is considered to be c o m p o s e d  from two regions:
1) 0 < x < b i “ in this region, the uniformly distributed 
load ’W ’ acts.
2) b i <  x <  L  - the forces in this region are those that are 
generated from reacting those from the first region.
For continuity, w h e n  x =  bi, all functions determined for regions 1 
and 2 must be identical.
CHAPTER SIX
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T h e  load 'W' is distributed over the length bi. T h e  laminae were 
a s s u m e d  to deflect an equal a m o u n t  at similar sections. This is an 
approximation to the actual loading conditions since as s h o w n  Fig. 
6.4, w h e n  only the upper laminae is loaded, a normal force is 
generated in the core. D u e  to the relatively flexible nature of the 
interlayer material, the two laminae deflect by unequal amounts in a 
transverse direction. This unequal deflection causes additional 
interlaminar shear stresses to be generated in the core. A s  s h o w n  in 
A p p e n d i x  4, the consideration of core compression increases the 
interlaminar shear stress by less than 5 % .  In accepting this error in 
the interlaminar shear stress validates the assumption of equal 
displacements of the laminar at similar sections. This form of loading 
w a s  chosen since it subjected the laminate to a transverse shear 
force and bending that varied along its length. Within the loaded 
region, the transverse shear force also varies with the section.
A s  has been mentioned in Chapter 3, w h e n  laminates are subjected 
to bending, the relative axial displacement of one laminae to that of 
the adjacent one is restricted by the shear stresses within the 
interlayer which in turn induces an axial force in the laminae. This 
m e c h a n i s m  is k n o w n  as the shear transfer mechanism.
A  simple displacement condition is assumed in the theory to predict 
the shear transfer m e c h a n i s m  b e t w e e n  the interlayer a n d  the 
laminae for both regions. F r o m  this and consideration of the 
equilibrium of forces for the laminae, a differential equation in terms 
of the interlayer shear stress is obtained. T h e  solution of this is of 
standard f o r m  and the coefficients of integration are found from 
consideration of the correct boundary conditions.
x =  0
1) T 1= 0
d T
2) — 1 = 0
dx
d V
3) V  =  — J- =  0 1 d x
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x = A
8) V 1 = V2
d x  d x  
x =  L
*
dx
10) — 1 = 0 
d x
11) t 2 =  o
12) M 2 =  0
T h e  following assumptions are applied to the b e a m  in this analysis:
1) T h e  individual components are considered to be in a state
of plane stress
2) E ach laminae is considered to act as a simple elastic b e a m  
subjected to bending and shear stresses
3 ) T h e  bending stress varies linearly through the depth of 
each laminae
4 ) T h e  transverse displa c e m e n t  of the l a m i n a e  at 
corresponding sections is the s a m e
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5) C o m p l e t e  bond i n g  occurs b e t w e e n  the laminae and
interlayer a n d  both materials exhibit linear elastic
properties
6) T h e  interlayer is thin in comparison to the depth of the
laminae and is only subjected to shear stresses. These
shear stresses are constant across the depth of the
interlayer.
6.3 NOMENCLATURE
L  Length of the b e a m
bi Length over which the load is applied
d Depth of laminae
c Depth of interlayer
E  M o d u l u s  of laminae
E c M o d u l u s  of interlayer
W  T h e  applied load
T  Longitudinal force in laminae
x  Interlaminar shear stress
S Shear force in laminae
M  M o m e n t  in laminae
V  Vertical displacement due to applied load
U  Longitudinal displacement due to shear stress
M , Z , A  Constants
B, Fi -Fg Constants
Subscripts 1, 2 refer to sections 1, 2 of the b e a m
6.4 INTERLAM INAR SHEAR STRESS EQUATIONS
6.4.1 Balance Equations for Region 1
F r o m  the balance of forces for a section of the b e a m  in region 1 as 
s h o w n  in Figs. 6.5/6.6.
d M i W x  . <d+c> T. 
d x  d b i 2
Equation 6.4 m a y  be differentiated and 6.5/6.6 substituted:
C O M  dxi <d+c>M, L .
E  d x  2EI E d
C
Equations 6.2 and 6.3 may be combined:
(6.7)
This m a y  in turn be differentiated and equations 6.1/6.7 substituted:
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a x  f  (d+c)2 E  E  I f  = i  ------------+------c---- i- ,  +
d x  4EIc(l+v) cEd(l+v) J
(d+c) W x E  ______c.
4 E I c b l(l+v)
A 2 1 2 Y l-  =  m  t, - Z  —
. 2 1 bd x  i
(6.8)
w h e r e
2 f  (d+c)2E  E  Im = <  +   >
^  4EIc(l+v) cEd(l+v) J
-(d+c) E  W
Z  = -------— 2—
4EIc(l+v)
T h e  solution of 6.8 is of standard form and is given by:
Z x
x  -  A  cosh(mx) +  B  sinh(mx) +  — —1 1 1 m b 1 (6-9)
Using condition 1
0 = AjCOshtO) + BjSinh (0) +
b^m
Using condition 4
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, =  B  sinh(mA) +l(bj) 1 v J 3
*7
m 6.10
Using condition 5 
dx(b«) 7
— —  -  B  m c o s h ( m A )  +  — • 
d x  i v ' u 2b m
1 6.11
6.4.2 Balance Equations for Region 2
F r o m  the balance of forces as s h o w n  in Figs. 6.S/6.6, the following 
m a y  be determined:
d T
x + -—— = 02 d x
dM o d -  +  S  = 0
d x  2 2 2
2 S  +  ctl =  - W2 2
(I+V)CS  (d+c) d V . y  
E  2 d x  2
dU, T2   2,
d x  E d
El =  M
d x  2
6.12
6.13
6.14
6.15
6.16
6.17
T h e  s a m e  technique as in 6.4.1 m a y  be e m p l o y e d  to solve these 
equations and show:
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f  ( d + c ) ^  E c 1  ( d + c ) W E
4EcI(l+v) cEd(l+v) J
T +•
d x2 J 2 4EcI(l+v) 
T h e  solution of this is of standard form.
2
=  A 9co s h(mx) +  B 2sinh(mx) +  Z / m
w h e r e
2m r  (dH-ox i e  l
^  4EcI(l+v) cEd(l+v) J
- ( d + c ) W E
Z  =  —  ------- £
4EcI(l+v)
Using condition 4
V , )  = A2cosh(mbi ) + V ^ h / m b ,)  + -^1 m
Using condition 5 
dx 2(b.)
—  =  A  m s i n h ( m b  ) +  B  m c o s h ( m b )  d x  2 1 2  1
Using condition 10
B 2 = -A2tanh(mL)
6.18
6.19
6.20
6.21
6 . 2 2
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F r o m  condition 4, equations 6.10 and 6.20 must be equal. Thus:
6 .4 .3  Solution o f Equations for the Bending and Shear
S tr e s s e s
V A2 {  t a n l r f L )  ' tanh(mL) }
6.23
F r o m  condition 5, equations 6.11 and 6.21 must be equal Thus:
B j  =  A 2 { tanhCmbj) - tanh(mL) j _
3
b ^ m  c o s h ( m b i)
6.24
Equations 6.23 and 6.24 must be equivalent. Thus: 
- Z s i n h ( 2 m b l)
A  =
2 2m 3b lc o s h ( m b l)
F r o m  equations 6.23 and 6.25,
6.25
_  - Z s i n h ( 2 m b |) f  1 tanh(mb }
1 3  I t a n h ( m b )  12m blcosh(mbi) v 1
F r o m  equations 6.22 and 6.25,
Z s i n h ( 2 m b  ) tanh(mL)
B  = -------------5-------------
2 mcoshtmb^bj 
Equations 6.12 and 6.19 m a y  be combined:
}
6.26
6.27
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d T 9 Z—4 =  - A  cosh(mx) - B  sinh(mx) - —
d x  2 2 2m
This m a y  be integrated from condition 11
-A B rj
T  =  — ^  s i n h ( m x )    cosh(mx) +  —  (L-x)2 m  m  2m
F r o m  equations 6.1 and 6.9 
d T
—  =  -B sinh(mx) - 1
Z x
dx 1 m2bl
This can be integrated and f r o m  condition 6, the axial force 
laminae of region 1 is:
-B ryr 2
T  =  — L cosh(mx) - - — — — +  F.1 m U m 2 l
w h e r e
- Z s i n h ( 2 m b  )
F,  --------------—
2  m 4 A
—  (L-b ) 
m  1
—  ----  - t a n h ( m b )  ItanhCmbj) 1 J
Equations 6.13 and 6.14 m a y  be combined:
d M ?. (d+c) W
d x  2 2 2
6.27
in the
6.28
6.9 can be substituted and this equation and integrated. F r o m  
condition 12, the m o m e n t  in the second region is:
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M =1^+21
2 2
W x + p
r  /  b? zx i•I — -  sinh(mx) + —  cosh(mx) +  -==- J.
J 111 m  m 2 J
2 2
w h e r e
F  =  W L  (d+c)ZL 
2 _  2 ' 2m2
F r o m  equations 6.7 and 6.9 m a y  be combined:
d M i (d+c) f  B ^ i n h C m x )  +  1  W x
d x  2 1 m  b i J 2 b i
T h e  integration of this m a y  be solved using condition 10.
i 2
M - l i s a  p s c o . M m j . - z L - 1  - s r f * F
' 8 1 m 2b lm2 j  4b- 31
w h e r e
f  _  -(d+c)Zsinh(2mA) J tanh(mb ) -------    1
4 I  1 tanhCmb^ J  -
4 m  b
2(d+c) (L-b ) W ( L - b  )
—  — + —
• o 2 22m
6.29
6.30
T h e  transverse shear stress of a section in region 1 is given by:
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\ y l  = f
d a  ,
— x dy
xyl d x  6.31
w h e r e
a  - T U M >y 0  =   -| — —
xl d  I
This m a y  be differentiated and equations 6.1 and 6.7 substituted
d g xi - T i . +  J  —l — :— UJL i i
(
T/ d + c ) W x  1
2 2 b J J  I
This can then be back substituted into equation 6.31 and the integral 
solved.
E = (  2y±d_1 + 4 y W  fB E E . , I x
xyl I  2d  J  1 81 {
V d + C > x 1
2 2b, J
6.32
A  similar m e t h o d  m a y  be used to obtain the transverse shear stress 
in region 2.
Xxy2
*  + 4 l L d l  Wx 1
I  2d J %  gi 1 2 2b, J
6.33
For region 1,
d 2V  
E l   M
A  2  1d x
Equation 6.30 m a y  be substituted into this and then integrated. 
F r o m  condition 3, the constant of integration is found to be zero, thus:
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EI - 5 -  =  J B  sinh(mx) ■*— —  I  ■— t f .
*  2n,J I  ' 6bi J  >2b, 1
Equation 6.34 can be integrated and from condition 3,
E I V  =  .C.4± g ), J B c o s h ( m x )  +  - m x   \
' ! . > l '  M b . J 4 8 b 1 2 4
w h e r e
-(d+c)B,
F   --------- -
4 ^  3
2 m  6.35
For region 2
d2V2 E I  2. =  m „2 2
d x 2
Equation 6.29 m a y  be substituted into this and then integrated with 
respect to x:
E l — 3 .  -  ,( ,4 1 9 ) . ^  A 2c o s h ( m x ) + B2sinh(mx)
d x 2 d m 3
^ ™  + F x + F
4 6.36
From the condition 9:
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F  -  ( d + c ) 2 s i n h ( 2 m A )  f i  -  - t a n h ( m b )  \  (d+c)zb15 -  4m4 ItanhCm b^ i j  - a
W b+ '— L12
Equation 6.36 m a y  be integrated with respect to x:
^ 2 )  j  Asinh(mx) +B cosh(mx) + \
2 m3 L 2 2 6 J
E I V „
W x 3 F> 2 .  + —=■—  + F  x  + F .12 2 5 6
T h e  constant F6 is found from condition 8
6.37
6.38
U
i \  /  Zsinh(2mb ) \
tanh(mb ) - ——  --------- | /  ——  —  \
1 ta„h(mb1) >) ^  2b m^3 J
(  x 1 \  Zmb 1  Wb h
cosh(mbl) J  + - q — J  +— + (f 3 - f 2> — - F5b,
6.39
6.5 DISCUSSION OF TH EO R ETICA L RESULTS
6.5.1 Introduction
It can be seen from the equations for the deflection, bending and 
shear stresses in the laminated b e a m  that they are c o m p l e x  in 
comparison to those of the h o m o g e n e o u s  equivalent. There are 
several parameters that affect laminated beams.
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1) T h e  span/depth ratio
2) T h e  E / E c ratio
3) T h e  c/d ratio
4) T h e  bi/span ratio
T h e  effect of the first three have been discussed in Chapter 3. In this 
chapter it w a s  s h o w n  that the effect of lamination w a s  greater for 
short b e a m s  (span/depth <  10), with high values of the ratios c/d and 
E / E c. T h e  effect of the fourth variable will be investigated in this 
section.
A  b e a m  of dimensions and properties will be considered:
L 6.25 inches
d 0.69 inches
c = 0.07 inches
E 4.35 x 105 Lbf/in2
Ec = 2 6 0 Lbf/in2
W 2 8 L b f
This b e a m  has the s a m e  span/depth, c/d and E / E c ratios as that used 
in Chapter 3.
T h e  data presented in the following sections h ave been m a d e  
nondimensional to r e m o v e  any effects due to the dimensions of the 
b e a m  or the applied load.
T h e  deflections have been divided by that which w o u l d  be expected 
for a h o m o g e n e o u s  b e a m  of similar size w h e n  subjected to a 
transverse load 'W' at x =  0. This is given by:
y -  4 W L 3 
E ( 2 d + c)3
T h e  bending stresses have been divided by those that w o u l d  occur in 
a cantilever as described above.
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Thus:
a  6W ( L - x )  
* (2d + c)2
T h e  shear stresses have been divided by the average of those 
occurring in a cantilever as described above. Thus:
a  =  W
xy (2d+c)
6.5.2 Transverse Deflection of the Laminated Beam
Fig. 6.7 shows the effect of altering the ratio b/L on the transverse 
tip deflection of the beam. This s h ows that w h e n  bi is small (less 
than 3 0 %  of L) the deflection of the laminated b e a m  is within 5 %  of
that given for a point application of the load. T h e  effect of altering
the ratios E / E c, c/d and span/depth is negligible, with a m a x i m u m
deviation of approximately 3 %  from this curve. Unless a pad or s o m e  
other m e a n s  is used to distribute the load, m o s t  contact widths,
generated if.. a b e a m  in realistic engineering conditions are b e low 1 
inch. In these conditions the ratio bi/L w o u l d  be small and for all 
practical purposes, the top deflection of a laminated b e a m  subjected 
to a distributed load over a small area m a y  be given by that of the 
n o n  distributed case.
6.5.3 Bending Stress Results
Fig. 6.8 shows a comparison of the bending stresses at x =  1 for two 
different loading conditions. T h e  first condition is the application of 
a shear force 'W' at x =  0 and the second is the distribution of that 
load over a distance bi =  1. It can be seen from this figure that there 
is an insignificance b e t w e e n  the t w o  as w o u l d  be expected 
considering the previous investigation of the deflection of the 
laminated beam. O n l y  as the length over w h i c h  the load w a s  
distributed b e c a m e  large w o u l d  a significant difference in the 
bending stress at similar sections occur.
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T h e  interlaminar shear stress, plotted for a range of values of the 
ratio bi/L is s h o w n  in Fig. 6.9. Distributing the load over a wider 
area reduces the value of the interlaminar shear stress generated 
along the interface of the beam. However, w h e n  the contact width is 
small, increasing its dimension causes only a slight reduction in the 
interlaminar shear stress. T h u s  increasing the contact width to an 
inch (bi/L «  0.15) reduces the interlaminar shear stress by a
m a x i m u m  of 8%  f rom that of the point load case. T h e  difference 
between the two curves is, however, insignificant w h e n  c o m p a r e d  to 
the m a x i m u m  level of the interlaminar shear stress.
T h e  shear stress across transverse section of the b e a m  at x/L =  1/2 
for the t w o  loading conditions can be seen in Figs. 6.10. These 
conditions simulate the application of a shear force 'W' along the 
centre of the b e a m  and a load that has been distributed over a 
distance of an inch. It can be seen that a this section the difference 
b e t w e e n  the t w o  loading conditions is slight with a m a x i m u m  
discrepancy of 7 % .
T h e  contact between two bodies causes interlaminar shear stresses to 
occur at a distance of 0.45 x the contact width either side of the axis 
of contact. T h e  depth of the m a x i m u m  interlaminar shear stress is 
related to the contact width by a factor of 0.4. If the m a x i m u m  shear 
stress (xXy) caused by loading were to develop in the interlayers then 
the m a x i m u m  value of the interlaminar shear stress (due to 
c o m b i n e d  loading and bending) m a y  occur in the region of the 
m a x i m u m  loading shear stress rather than at the free end of the 
b e a m  as s h o w n  in Fig. 6.11. T h u s  delamination m a y  be initiated 
within the loaded region in the interface as opposed to the free end.
T h e  relative values of the m a x i m u m  shear stresses caused b y  the 
application of a load a n d  bending are d e p e n d e n t  u p o n  the 
dimensions, stiffnesses and load applied to the bodies in contact.
6 .5 .4  Shear Stress Results
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A  theory has been developed to predict the deflection and stresses 
that occur in a t w o  layered laminated b e a m  subjected to a 
distributed load over part of its span. This distributed load is a first 
approximation to that generated between t w o  bodies in contact. 
In this theory, the transverse deflection of the laminae at similar 
sections has been ass u m e d  to be identical. This is an approximation 
to the actual loading condition. T h e  effect of this approximation on 
the interlaminar shear has been s h o w n  in Appendix 4 to be less than 
5%.
It has been s h o w n  that w h e r e  the loaded length/length of b e a m  
(bi/L) ratio is below 0.3, the deflection is within 5 %  of that given by 
the application of the s a m e  load at the central point. For m ost 
practical engineering configurations, the contact width/length ratio 
will be within this range. T h e  differences between the bending and 
shear stresses for these t w o  loading cases has been s h o w n  to be 
negligible. O nly as bi/L b e c o m e s  larger does the distribution of load 
have any significant reduction.
It has been s h o w n  that significant values of interlaminar shear stress 
can be generated by bending in the loaded region. This shear stress, 
c o m b i n e d  with that due to the contact between bodies can in certain 
conditions be higher than that found at the free end of the beam. 
T h u s  delamination is possible within the contact region on the free 
e nd of the beam.
6 .6  CONCLUSIONS
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CHAPTER SEVEN  
EXPERIM EN TAL INVESTIGATION OF CONTACT STRESSES BY
PH O TO ELA STICITY
7.1 INTRODUCTION
In order to s h o w  that photoelasticity w a s  a suitable technique for 
investigating the stresses caused by contact, t w o  m o d e l s  w e r e  
produced simulating the conditions of roller/roller and roller/beam 
contact. In these m o d e l s  the t w o  bodies w e r e  produced f r o m  
Araldite sheet material of the s a m e  stiffness. T h e  theoretical 
solution to these problems w a s  obtained by Hertz (19).
In the Hertz theory he a s s u m e d  that both bodies w e r e  perfectly 
smooth and that the coefficient of friction between t h e m  is zero. In 
the roller/roller case, because of the symmetric conditions of the 
model, there is n o  tendency for any relative displacement of the 
contacting surfaces. In these circumstances, the coefficient of friction 
for the materials used, not being zero is unimportant. Thus, this 
condition is an ideal one to c o m p a r e  with the Hertz theory since it 
conforms with its assumptions.
In the second m o d e l  of a roller loaded against a h o m o g e n e o u s  beam, 
a difference in the displacement of the contact surfaces will try to
occur. This relative displacement will be restricted by friction. Thus,
this m o d e l  will not exactly simulate the Hertz assumptions and an
investigation of the effects of the frictional force will be possible.
7.2 TH E HERTZ EQUATIONS FOR CONTACTING BODIES
T h e  theoretical predictions for two bodies in contact are obtained by 
reformulating the Hertzian contact equations in terms of plane stress 
rather than plane strain. This is necessary since the experimental 
m o d e l s  were relatively thin in comparison to any of their other 
dimensions and hence the plane stress condition is applicable.
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If the Hertz equations are rew o r k e d  for this condition and the 
coefficient of friction between the surfaces is a s s u m e d  to be zero, 
then:
c? -2 W,2  *b t
m - 2 Y + m - Z ± n ! l  
( M 2 +  N 2)
- 2 W
jcb2t
,  2 . - 2 ,  
M  - m <y + N >
(M 2 +  N 2)
w h e r e
W  =  applied m o d e l  load
t =  m o d e l  thickness
bi =  1/2 contact width
( * )  ( t - t >
4W
7Ct
Ri,R2 =  Radii of the t w o  bodies respectively
Ei,E2 =  Young's modulus of the two bodies
M  =  ±  |  (b2 - x2 +  y2) +  y ( b 2 - x2 +  y2)2 +  4 x V  |
N  =  ±  y j ~  |  (b2 - x2 +  y 2) +  ~J(b2 - x2 +  y2)2 +  4 y2y7 |'
T h e  sign of M  is always the s a m e  as that of y and N  is always the 
s a m e  as that of x.
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In order to fully investigate the stresses that occurred due to contact, 
it w a s  decided to use the oblique incidence m e t h o d  to determine the
individual stresses within the models. This m e t h o d  involves rotating
the m o d e l  while in the polariscope. T o  rotate the m o d e l  while 
applying a load w o u l d  require a c o m p l e x  loading arrangement. A  
simpler m e t h o d  w o u l d  be to permanently deform the m o d e l  using a 
stress freezing technique w h i c h  w o u l d  'lock' the stresses into the 
model. This technique involves the m o d e l  being subjected to a load 
while heated to its critical temperature, this being the point at which 
the secondary bonds of the material are broken down. T h e  m o d e l  is 
then cooled to r o o m  temperature with the load still applied. T h e  load 
m a y  then be r e m o v e d  and the optical pattern will remain in the 
material. A t  this stage a photoelastic m o d e l  with its locked-in 
deformations and attendant fringe pattern m a y  be carefully sliced or 
cut without disturbing the character of either the deformation or the 
fringe pattern.
During the stress freezing process the properties of the Araldite 
change f r o m  those determined at r o o m  temperature. T h e  Young's 
m o d u l u s  and fringe coefficient w e r e  determined, as s h o w n  in 
A p p e n d i x  1. At the stress freezing temperature the properties are:
E  =  3080 Lbf/in2
f =  1.37 Lbf/in.fringe
T h e  equation developed for the stress optic law w a s  based o n  the 
light passing through the mod e l  at normal incidence. However, if the 
m o d e l  is rotated in the polarascope so that the light passes through 
the m o d e l  at s o m e  other angle, an oblique incidence fringe pattern 
m a y  be observed. This oblique incidence fringe pattern provides 
additional data w h i c h  can be e m p l o y e d  to separate the principal 
stresses. K n o w i n g  the direction of the principal stresses along the 
line of separation greatly simplifies the procedure.
7 .3  EXPERIMENTAL TECHNIQUES
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If the m o d e l  is rotated about one of the principal stress directions, 
the separation equations as given by Dally and Riley (24) become:
fcos(0) x (N - N  cosh(0))
a -------------- ----- Q----------
hsin2(0)
a =
f ( N ecosh(0) - N 0)
hsin20
w h e r e  h =  Slice thickness
0 =  Angle through which the m o d e l  is rotated
N o  =  Fringe order associated with the normal
Incidence pattern 
N e =  Fringe order associated with the oblique
incidence pattern.
T h e  accuracy of this m e t h o d  is improved if the m o d e l  is rotated 
through -20 and the readings averaged.
7.4 R O LLER  TO R O LLER  M ODEL
7.4 .1  Roller to Roller Contact Conditions
T h e  first of these models w a s  m a d e  for investigating the contact 
width and stresses that occur w h e n  t w o  rollers of equal radius are 
pressed together. Hertz shows in his w o r k  that w h e n  two bodies of 
differing radii are pressed together, a difference in the displacement 
of the contact surfaces occurs. If the surfaces are unable Ho slip 
relative to each other then stresses, induced by this displacement 
will be generated within the bodies. Hertz in his w o r k  assumes that 
the bodies are perfectly s m o o t h  and hence these stresses are 
neglected. W h e n  two bodies of the s a m e  radius and stiffness are 
pressed together there is no relative displacement b e tween the 
surfaces and hence these stresses are not generated. Thus, the roller 
to roller condition is an ideal one to test the accuracy of the 
photoelastic techniques.
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7.4 .2  Design of the Roller to Roller Model
T h e  object of the experimental w o r k  w a s  to s h o w  that photoelasticity 
w a s  suitable for investigating the contact conditions b e tween two  
bodies. A  model, consisting of two identical rollers of radius 2 8 0 m m ,  
w a s  produced f r o m  1/4 in thick sheet Araldite a n d  they w ere
pressed together with a load of 1 L b f  as s h o w n  in Fig. 7.1. This
m o d e l  w a s  stress frozen in order that the individual stresses could be 
determined along the centre line of contact. A  loading rig w a s  
designed to ensure that the correct contact conditions w e r e  
maintained during the stress freezing cycle as s h o w n  in Fig. 7.2. T h e  
upper roller had Araldite side plates attached to it via five dowels. 
Additional loads were applied to the base of the side plates to create 
the total contact force of 1 Lbf. A s  the model w a s  thin in comparison 
to its other dimensions, its stability under load w a s  low. Applying 
loads to the base of the side plates increased the stability of the 
model. A  slight gap between the lower roller and the side plates was
provided to allow for the deformation of the model. T h e  lower roller
rested o n  a silicone rubber layer to provide it with an elastic 
foundation. T h e  material stiffness of the Araldite w h e n  subjected to 
the heating cycle drops to a value of 3 0 8 0  Lbf/in2 and since the 
material stiffness affects the contact conditions, this change has to be 
taken into account w h e n  comparing the experimental results to the 
theoretical predictions.
7.4.3 Results of the Roller to Roller Model
C o k e r  (25) s h o w e d  that at the end of a contact area between two 
bodies, an isotropic point exists. This m e a n s  that all the principal 
stress directions m u s t  pass through this point. This principle w a s  
used to measure the contact width of the t w o  rollers since it w a s  
possible to mea s u r e  the distance b etween the points w h e r e  the 
isoclinics extended to the surface as s h o w n  in Fig. 7.3. T o  provide the 
best definition of the isotropic point and hence obtain consistent 
results, it w a s  necessary to set the crossed polaroids at an angle of 
45° to the contact surface and take all readings at this setting. T h e  
rollers were e x amined and the following results obtained:
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Contact Depth to Pos'n M a x i m u m
W i d t h of M a x ’ Shear S h e a r
in. in. Lbf / i n2
Roller 1 0.333 0.121 4.96
Roller 2 0.323 0.120 5.18
Theoretical 0.274 0.110 5.59
Error 1 6 % 8% 9 %
It m a y  be seen from these results that the m a x i m u m  error is in the 
contact width. T h e  experimental values for the two rollers should be 
the s a m e  since they are identical in shape and stiffness. T h e  errors 
b e t w e e n  t h e m  are d u e  to the inaccuracy of the m e a s u r e m e n t  
techniques. T h e  experimental values for the depth to the position of 
m a x i m u m  shear stress and the value of the m a x i m u m  shear stress 
are in better agreement with the theoretical predictions. T h e  
Hertzian equations predict that the depth to the position of m a x i m u m  
shear stress should be 0.4 times the contact width. T h e  experimental 
values are consistent with this prediction. W h e r e  the contact width 
is larger than predicted, it w o u l d  be expected that the m a x i m u m  
shear stress w o u l d  be lower than the predicted value. This w a s  
found to be so.
T h e  individual stresses along the centre line of contact have been 
c o m p a r e d  to the theoretical predictions, as s h o w n  in Figs. 7.4, 7.5 and 
7.6. These s h o w  that a full Hertzian contact has been obtained and 
the error between the experimental and theoretical values for the 
contact width m ust in s o m e  w a y  be due to the m e t h o d  used in 
determining it. A  second m e t h o d  w a s  used for determining the 
contact width and this produced a value that w a s  similar (0.33 in) to 
the one from the photoelastic analysis. This m e t h o d  involved placing 
a k n o w n  flat surface against the radius of the roller and then 
determining f rom this the orthogonal co-ordinates of the curved 
surface. T h e  contact width could then be determined from the 
positions where a change w a s  detected in the radius. W h e n  two  
rollers of equal radius are pressed together, the contact surface 
b e c o m e s  flat and the position where the change in radius occurred
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w a s  easy to determine. This result tends to confirm the prediction of 
the contact width m a d e  b y  the photoelastic analysis. Another 
possible cause for the discrepancy in the contact width results could 
be that the Hertz equations were developed for small displacements 
a nd with this model, the l o w  m o d u l u s  material used caused large 
displacements to occur. A s  Johnson (6) points out, since Hertz 
describes the geometry of the curved surface in terms of a quadratic 
equation, the larger the displacement the greater b e c o m e s  the 
inaccuracy of this assumption.
7.5 R O LLER  TO BEAM M ODEL
7.5 .1  Roller to Beam Contact Conditions
T h e  second stress frozen m o d e l  consisted of a roller of similar 
dimensions to that used in the preceding section, loaded against a 
h o m o g e n e o u s  b e a m  as s h o w n  in Fig. 7.7. T h e  roller and b e a m  were 
produced from Araldite sheet material of the s a m e  stiffness. In this 
arrangement, frictional forces are generated b ecause of the 
resistance to the relative displacement of the contact surfaces. T h e  
effect of this frictional force on the contact stresses could be 
investigated.
T h e  theoretical predictions for this case are easily obtainable by 
setting one of the radii in the Hertz equations to infinity.
7.5 .2  Design of the Roller to Beam Model
In this contact condition, the differential displacement between the 
bodies causes a frictional force to be generated between the contact 
surfaces of the bodies. This force w a s  thought to be a possible source 
of error between the experimental and theoretical values.
T h e  roller of radius 2 8 0 m m  w a s  placed on the centre line of a b e a m  
of dimensions 3 8 0 m m  x 1 1 1 m m  and a 1 L b f  load w a s  applied. A  
loading rig w a s  designed to ensure the correct contact conditions 
w ere maintained during the stress freezing cycle as s h o w n  in Fig. 7.8. 
T h e  upper roller had Araldite side plates attached to it via five
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dowels. T h ese provided the stability that w a s  required w h e n  
loading. Additional loads were applied onto the base of the side 
plates to create a total contact force of 1 Lbf. T h e  b e a m  rested on a 
soft silicone rubber layer to provide it with an elastic foundation.
7.5.3 Results of the Roller to Beam Model
T h e  m o d e l  w a s  subjected to the required heating cycle and w a s  
permanently deformed. T h e  m o d e l  w a s  e x a m i n e d  w h e n  it had 
cooled to ambient temperature and an unexpected isoclinic pattern in 
the b e a m  w a s  observed. T h e  isoclinic pattern is s h o w n  in Fig. 7.9. 
This w a s  thought to be in s o m e  w a y  connected with either the 
loading of the m o d e l  or the heating cycle to which it w a s  subjected. 
T h e  heating cycle w a s  repeated and the loading checked at the point 
of m a x i m u m  temperature; the previous results w e r e  reproduced. 
F r o m  this it m u s t  be concluded that the isoclinic pattern w a s  not 
caused by the incorrect loading or heating of the model. A  possible 
reason for this effect is that the excessive deformation that this 
m o d e l  w a s  subjected to, caused a large frictional force to be 
generated. This m a y  explain w h y  none of the subsequent models 
suffered from this effect.
T h e  iscolinics w e r e  extrapolated by eye to the surface a n d  the 
contact width w a s  determined. T h e  depth to the position of 
m a x i m u m  shear stress and the value of the m a x i m u m  shear stress 
were also determined and are given below:
Contact Depth to Pos'n M a x i m u m
W i d t h of M a x ’ Shear Shear Stress
in. in. Lbf/in2
Roller 0.439 0 . 184 3.95
B e a m 0.435 0.176 3.90
Theoretical 0.388 0.155 4.38
Error 12% 1 4 % 10%
T h e  theoretical values are obtained by setting one of the radii in the 
Hertz equations to infinity. T h e  alternative technique for
determining the contact width w a s  tried on the roller. This m e t h o d  
provided the result of 0.54 in. Since the deformed surface of the 
roller w a s  not flat, the position of the change in radius w a s  m o r e  
difficult to determine. This inability to accurately determine the 
position of the change in radius reduces the validity of this result.
T h e  Hertzian equations predict that the depth to the position of 
m a x i m u m  shear stress should be 0.4 x the contact width. T h e  
experimental values are consistent with this prediction. T h e  stress 
separations wer e  performed for the roller and beam, as s h o w n  in 
Figs. 7.10, 7.11 and 7.12. F r o m  this it m a y  be seen that the 
experimental values are in reasonable a g r e e m e n t  with the 
theoretical predictions. T h e  a y values for the roller drift from their 
expected value as they approach the centre of the roller. This is 
possibly due to the localised effect of the application of the load to 
the roller via the centre of the five dowels. T h e  experimental results 
for this m o d e l  are not in as g o o d  agreement with their theoretical 
predictions as those of the roller/roller case. This is unlikely to be 
d u e  to the experimental techniques since the s a m e  m e t h o d s  were 
used for both models. T h e  discrepancies in the results can only be 
put d o w n  to the generation of frictional forces at the interface.
7.6 C O N C L U S I O N S
T w o  photoelastic m o d e l s  simulating the contact conditions of 
roller/roller and roller/beam have been tested. T h ese models have 
been permanently deformed by subjecting t h e m  to a stress freezing 
cycle and applied loads. F r o m  these it has been able to determine 
the contact width, depth to position of and value of the m a x i m u m  
shear stress in the bodies in contact. T h e  experimental value for the 
contact width w a s  found to be at m ost 1 6 %  above that of the value 
predicted by Hertz. This is most probably due to the experimental 
m e t h o d  used to determine this dimension. T h e  depth to the position 
of m a x i m u m  shear stress has also been determined and these were 
found to be within 1 4 %  of the theoretical value. These errors are due 
to the technique used since the experimental curve for the shear 
stress is relatively flat at this point and determining the exact 
position of the m a x i m u m  value w a s  difficult. Also, determining the
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value of the isochromatics in this region w a s  difficult and this has led 
to errors in the m a x i m u m  shear stress predictions.
T h e  stresses along the centre line of contact have been separated 
using the oblique incidence method. These separated stresses have 
been c o m p a r e d  to their theoretical predictions. G o o d  agreement w a s 
f o u n d  b e t w e e n  the theoretical a n d  experimental results for the 
roller/roller model. T h e  results for the roller/beam m o d e l  were not 
in such g o o d  agreement with errors of over 100%  in s o m e  areas. 
H o w e v e r ,  these errors were mainly in the l o w  stress region and 
w h e n  c o m p a r e d  to the m a x i m u m  stress values, are not significant.
It can be concluded from this w o r k  that photoelasticity m a y  be used 
for investigating contact stresses, however, significant errors have 
been determined between experimental and theoretical predictions.
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CHAPTER EIGHT 
CONTACT STRESSES INDUCED BY A ROLLER ON A LAMINATED
BEAM
8.1 INTRODUCTION
It has been mentioned in the introduction of this thesis that fibre
composites can have high strength/weight and stiffness/weight
ratios. Thus, they can make ideal materials to be self supporting
over large spans such as in crane booms and girders. To increase the
structures strength/weight ratio and hence to increase the span over 
which it may be unsupported, the weight of the structure must be 
minimised. A method of achieving this would be to produce a form 
of box girder with the upper and lower sections as shown in Fig. 8.1. 
In these sections the unidirectionally aligned chord material is used 
to resist the high axial loads caused by bending in the x direction. 
The shear forces in the beam would be carried by side faces not 
shown in this figure. A simple method of deploying the beam or 
moving items along it would be to use a carrier with rollers. Thus 
large loads, via rollers, may be induced in the beam. In the structure 
shown in Fig. 8.1 the outer orthotropic layer, being composed of 
fibres aligned at ±45° to the x direction, is used as a protective 
covering and also to diffuse the roller load. The honeycomb material 
is used to increase the bending stiffness of the section.
8 .2  DESIGN OF THE FIRST LAMINATED BEAM MODEL
A photoelastic model representing a section of the composite beam 
was constructed as shown in Fig. 8.2. It must be pointed out that 
Araldite being an isotropic material can not fully simulate the 
characteristics of an anisotropic one. With the transverse stiffness of 
the fibre composite being much lower than the axial value, additional 
contact effects may occur in the real structure that could not have 
been predicted by the photoelastic model. The laminae stiffnesses of 
the photoelastic model have been based upon the axial properties of 
the composite laminae. The models of the roller and beam were 
made twice as large as the real structure so that fine details within 
the laminae could be more easily resolved. It was decided to make
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the section approximately 4 times as long as its depth which was 
considered long enough for all the localised loading effects to be 
dispersed within its length. This was done to ensure that the model 
truly represented a roller on a long beam. Several different 
techniques were employed to obtain the correct ratio of stiffnesses 
between the laminae of the model. Since the stresses within the 
beam are the ones to be analysed, the materials for the individual 
laminae had to be transparent and optically sensitive. The roller was 
not of such great interest and so could be opaque if necessary. The 
material stiffnesses were obtained as follows:
M aterial 1
This material simulated the stiffness of the orthotropic laminae in 
the beam; it was constructed from sheet Araldite (CT200). The 
properties of this material have been well documented by the 
manufacturer Ciba-Geigy and it has been used for many years in
relation to photoelastic work. The modulus of this material was 
measured using a tensile specimen and, as shown in Appendix 1, it 
was determined to be 435,000 Lbf/in2.
M aterial 2
This simulated the stiffness of the aluminium roller that was used to 
induce loads into the composite structure. Since the loading effects
are confined to a small area around the contact zone, a complete
roller was not essential and only a section of it was constructed. It 
was necessary to make this material approximately 2.5 times as stiff 
as the simulated orthotropic one. This was achieved by using
Araldite (CT200) and adding a proportion of silica flour; the filler 
being added in the ratio by weight:
CT 200 hardener HT 901 silica flour 
100 30 100
A tensile test specimen was made from this material and its modulus 
was determined as 935,000 Lbf/in2 (see Appendix 1).
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This simulated the modulus of the unidirectional material and was 
predicted to be 4.5 times as stiff as the orthotropic laminae. Since 
this material had to be transparent it could not be stiffened by 
adding a filler material so an alternative method was used. By 
laminating 3 strips of Araldite together it was possible to produce a 
section that had an increased stiffness in relation to a single layer. 
Although the stiffness ratio of 3 was not as high as it should have 
been, it was considered adequate. If additional strips of material had 
been added to bring the modular ratio up to the correct value, 
problems might have arisen in taking photoelastic readings in such a 
thick section.
M aterial 4
This material simulated the honeycomb section in the composite 
beam and was required to be 1 / 1 0  as stiff as the orthotropic layer. 
Several possible materials were considered, none of which provided 
an adequate value for the modulus. For these reasons, it was decided 
to use sheet Araldite and reduce the stiffness of the material by 
drilling a triangular array of holes in it as shown in Fig. 8.3. The 
effective modulus of the material could then be adjusted by altering 
the ratio of the hole diameter d to the hole spacing D.
Several people have investigated the effect of drilling such an array 
of holes in sheet material. Horvay (27) and Slot (28) both performed 
a theoretical analysis of the perforated plate problem and derive
equations for the effective modulus of such structures. They present 
their results in the form of a graph showing the variation of the
effective modulus against the ratio d/D. Kerley (29) performed an 
experimental analysis of this problem by drilling a triangular array 
of holes in sheet Araldite. He loaded the sheet in either of two 
directions which were at an angle of 90° to each other and
measured the resulting deflections. His experimental results verify 
the theories of Horvay and Slot. He also discovered that the
difference between the effective modulus when measured in either 
of the two directions was less than 5%. He only tested materials up
M a t e r i a l  3
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to an effective modular ratio of 5:1 since it was felt that the tolerance 
associated with the hole diameter and pitch could lead to significant 
errors. Improved manufacturing techniques have enabled this figure 
to be exceeded. To obtain a 10:1 modular ratio, 0.375 inch diameter 
holes were drilled on a spacing of 0.44in. As the theoretical 
predictions of Horvay and Slot agreed with the experimental results 
of Kerley, it was not thought necessary to perform a test on this 
perforated sheet since the analytical value for its stiffness would be 
of sufficient accuracy.
8.3 RESULTS FROM THE FIRST LAMINATED BEAM
MODEL
The model was positioned within a framework on a polariscope with 
spacers being used to ensure that the model was kept vertical at all 
times. Loads were applied by dead weights via the side arms to the 
roller as shown in Fig. 8.4. This method enabled photoelastic 
observations to be made in the contact area. The load was reacted
by the beam through a flexible base material. It was decided to test
a variety of supports to ensure that the contact stresses were
independent of the base conditions. These support materials were:
1. Soft Foam Stiffness 20 x 102 Lbf/in2
2. Thick Rubber Stiffness 20  x 103 Lbf/in2
3. Steel Stiffness 30 x 10* Lbf/in 2
4. Araldite Block Stiffness 4.35 x 105 Lbf/in2
The Araldite block as shown in Fig. 8.5, was to simulate the effect of 
a localised support under the contact area and was 0 .8in wide.
A second beam was made from a sheet of Araldite so as to compare 
the results of a laminated structure to a homogeneous one. To 
simplify the presentation of the experimental data all results have 
been linearised by plotting them as their squared value. The
photoelastic results for all the tests are presented in Appendix 5.
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8 .3 .1  Model 1. Contact Width Results
A range of loads from 12 - 32 Lbf were applied to the roller in order 
to determine the variation of contact width with load. At loads of 
less than 12 Lbf the isoclinics became broad, indistinct bands and the 
point where they touched the surface of the beam was difficult to 
determine. This was most probably due to the small amount of edge 
stress in the top layer of the beam. The laminated beam was tested 
for all support conditions, with each load being repeated several 
times to reduce the random errors. The mean results of these tests 
can be seen in Fig. 8.6 . They show that the results are very 
repeatable and that a scatter of less than 4% exists. Also on this 
graph are the results for the homogeneous beam and the theoretical 
prediciton from the Hertz equations. It may be seen that the 
homogeneous and laminated beam results are similar. There is
however a consistent error of 16% between the theoretical 
predictions and experimental results. This error is similar in 
magnitude to the results from the stress frozen work. It can be seen 
that there is very little difference between the experimental results,
from which it may be concluded that the contact width is 
independent of the support conditions of the beam and is a function 
of the local geometry and stiffnesses of the bodies on contact. Also, 
with this depth of the orthotropic layer, the contact width of the 
laminated beam is approximately the same as that of the
homogeneous one.
8 .3 .2  Model 1. Depth to Position of Maximum Shear
S tre ss
The Hertz theory predicts that at a distance of 0.4 times the contact 
width below the surface of the beam, a maximum shear stress exists. 
This distance was measured in the laminated and homogeneous 
beams under loads of 12-32 Lbf. All the base supports were tested
with the laminated beam and the averaged results shown in Fig. 8.7.
It shows that the distance from the surface to the location of the 
maximum shear stress in the homogeneous beam is consistently 
larger than in any of the laminated beam cases. On the same graph
’the theoretical prediction for this dimension using Hertz is shown, 
and as in the case of the contact width, the experimental values are 
high (14% higher). This shows that the dimension is independent of 
the support conditions of the beam and is only affected by the local 
conditions of the contacting bodies. It may be concluded that the 
effect of the stiff chord material below the less stiff orthotropic layer 
is to reduce the depth to the position of maximum shear stress.
One check that can be made on the consistency of the experimental 
data is to use the contact width results to predict the depth to 
position of maximum shear value since, as shown by Hertz, they are 
related by a factor of 0.4. Fig. 8.8 shows such a comparison for the 
homogeneous beam and it may be seen that they are in reasonable 
agreement with each other for low loads. As has been pointed out by 
Johnson, the Hertz theory was only developed to consider small 
deformations. With the higher loads and hence greater deformation, 
the inaccuracies would be expected to increase. Also as the depth to 
the position of maximum shear stress increases, the influence of the 
adjoining stiff laminae would also be expected to increase.
8 .3 .3  Model 1. Maximum Shear Stress
Hertz predicts that the maximum shear stress is approximately 1/3 
the highest compressive stress under the surface of the roller. The 
maximum shear stress was determined for each value of the load in 
both the laminated and solid beams. The isochromatic pattern for 
the laminated beam with 22 Lbf applied is shown in Plate 1. All the 
base conditions were applied to the laminated beam to see if there 
was a variation in their effect. Each application of the load was 
repeated so as to reduce the random errors; the averaged results are 
shown in Fig. 8.9. The results for the homogeneous beam agree well 
with those of the laminated one except for those of the small block 
support. These are approximately 10% higher than for any other 
form of support. As would be expected for a roller/beam 
combination where the contact width was greater than expected, the 
experimental results for the maximum shear stress are lower than 
the values predicted by Hertz. The results of plotting the shear 
stress along a line directly under the contact point against the
1 7 5
1 7 6
distance from the surface of the beam for the rubber and small block 
base may be seen in Fig. 8.10. The increase in the maximum shear 
stress for the small block support may be clearly seen. From this it 
may be concluded that the base conditions of the beam do play a 
significant part in determining the contact stresses in the beam. 
With a very localised support, an increase in the maximum shear 
stress may be expected.
The interlaminar shear stress has been determined along a horizontal 
line through the position of maximum shear stress as shown in Fig. 
8.11. The maximum value for the interlaminar shear stress is seen 
to occur at a distance of 0.08 in from the centre of the roller. This 
shear stress may be high enough, when scaled up to the stiffness 
values of the fibre composite beam, to cause a delamination.
8.4 DESIGN OF THE SECOND LAMINATED BEAM MODEL
In the original design, a 2mm thick wrapping was applied to the 
outside of the laminated beam. This layer was to be made from the 
orthotropic type material which has carbon fibres inclined at 45° to 
the loaded direction. The purpose of the orthotropic layer was to 
protect the laminae underneath from any damage and to diffuse the 
applied roller load. Reducing the thickness of the protective covering 
would have several advantages, the most obvious being the 
reduction in the overall weight of the beam and this in turn would 
reduce the forces that are required to support it.
The experimental work carried out on the first model predicted that 
the maximum shear stress in this section of the beam would occur in 
the orthotropic layer. This maximum shear stress is caused by the 
application of the roller onto the surface of the rail. Large 
interlaminar shear stresses Txy are generated at a distance 0.45 times 
the contact width to either side of this positions and these may well 
cause delamination. By reducing the thickness of the protective 
layer it was thought possible to move the shear stress xxy into the 
chord material which may be able to withstand the applied stresses.
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For these reasons, the photoelastic model was modified to simulate a 
reduction of 1mm in the orthotropic layer thickness. In the model 
this layer was reduced from 4mm to 2mm as shown in Fig. 8.12.
8 .4 .1  Model 2 . Contact Width Results
In the first model, the contact width was measured by determining 
the distance between the isotropic points that occur at the edges of 
the contact zone. The isotropic points were located by setting the 
polarizer and analyser at an angle of 45° to the horizontal. With 
this second model it was not possible to use this technique as the 
isoclinics became broad and indistinct at this angle. To overcome this 
problem an alternative technique was used. When the polarizer and 
analyser were set at an angle of ± 1 0 ° to the horizontal, the 
isoclinics were sharper and the points where they extended from the 
surface were reasonably well defined.
To determine the accuracy of this technique, the results obtained 
from the two methods were compared for the homogeneous beam. 
The second method, i.e. that with the polaroids at 10°, was found to 
predict values approximately 10% higher than the first. This 
discrepancy questions the validity of the methods used for 
determining the contact width since they should produce the same 
result.
A comparison of the results obtained for the homogeneous and 
second laminated beam is shown in Fig. 8.13. This shows that the 
contact width for the laminated beam is 15% higher than its 
homogeneous counterpart. These findings, in conjunction with those 
of the first model suggest that where the depth to the position of 
maximum shear stress is greater than the thickness of the surface 
layer then the contact width is higher than predicted by Hertz.
8 .4 .2  Model 2. Depth to Position of Maximum Shear
Stress
The depth to the position of maximum shear stress was found in the 
first laminated model to be less than in the homogeneous beam. This
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was thought to be due to the stiff chord material restricting the
protective layer from behaving in the way that Hertz predicted.
With the reduction in the thickness of the laminae, this effect would 
be expected to become more prominent. Fig. 8.14 shows the 
comparison of the experimental results for models 1 and 2. It may 
be seen that this effect is continued and the depth to the position of 
maximum shear stress is lower than either the homogeneous beam
or model 1. The reduced depth to the stiff chord material obviously 
restricts the development of full Hertzian type contact and this 
reduces the depth to the position of maximum shear stress. 
Increased loads were applied to the model with the intention of
observing the effect of moving the position of the maximum shear 
stress into the chord material. However, the optical pattern became 
unclear at increased loads and the effect could not be observed.
8 .4 .3  Model 2. Maximum Shear Stress
The isochromatic pattern for the second laminated beam with 22 Lbf 
applied is shown in Plate 1. From this it can be seen that the position 
of maximum shear stress is close to the interlayer between the 
orthotropic and chord materials.
Fig. 8.15 shows a comparison of the theoretical and experimental 
results for the maximum shear stress in the second model. It may be 
seen from this graph that the reduced thickness of the interlayer has 
caused a slight reduction (7%) in the maximum shear stress which is 
in line with the increase in the contact width results. The reduced 
depth of the interlayer prevents the development of full Hertzian 
contact stresses and acts as a form of load diffuser between the stiff 
roller and chord laminae. This reduction in the shear stress is only 
slight and may not be sufficient to reduce the maximum value of xxy 
and prevent debonding should it occur with the first beam. Fig. 8.16 
shows a comparison of models 1 and 2  for the shear stress along the 
centre line of contact. This shows that the maximum value for the 
shear stress was reduced from the case with the thicker orthotropic 
layer.
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The natural progression of reducing the thickness of the protective 
orthotropic material on the rail is to remove it altogether. This was 
simulated in model 3 by machining off the top layer as shown in Fig. 
8.17. It was thought that with a 1/4 inch thick roller resting on a 
3/4 inch thick chord, the stresses within this section would become 3 
dimensional as opposed to previously being 2 dimensional. The 
analysis of the stresses in this situation would become complex and 
only accomplished by using the stress freezing technique. This in 
turn would allow only one loading case to be used and the variation 
with the applied load of the contact width, depth to position of 
maximum shear stress and the level of maximum shear stress could 
not be assessed.
For these reasons it was decided to produce a new roller using cast 
CT200 sheet of the correct width to simulate the stiffness of the 
original roller. A roller of width 0.5 in was produced as shown in Fig. 
8.17 with which the correct ratio of the stiffnesses of the roller and 
chord material was maintained. As the new roller was wider than 
that of the original, it was considered that the 3 dimensional effects 
of the stresses in the chord material would be greatly reduced.
8.5 .1  Model 3. Contact Width Results
With this model, the stiffness ratio of the two bodies in contact have 
changed from the first and second models and Hertz predicts that the 
contact width will be different from these cases. It was found that 
the isoclinics around the contact zone were indistinct, this possibly 
being caused by a slight three dimensional effect of the stresses in 
this region. Hertz predicts that there should be a reduced area of 
contact between two bodies of increased stiffness. Fig. 8.18 shows a 
comparison of the theoretical and experimental results for this 
roller/beam combination and it can be seen that there are 
considerable discrepancies between the two. It is now thought that
because the roller and beam had different widths, the correct loading
8 . 5  D E S I G N  O F  T H E  T H I R D  L A M I N A T E D  B E A M
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conditions were not created. This creates doubt about the accuracy 
of all the experimental data taken with this model.
8 .5 .2  Depth to Position of Maximum Shear Stress
This dimension was difficult to obtain, again this may have been due 
to a possible three dimensional effect by the stresses in the chord 
section. The results obtained were found to be in good agreement 
with the Hertz formula as can be seen in Fig. 8.19 which is surprising 
considering the errors in the contact width results.
8 .5 .3  Model 3. Maximum Shear Stress
Since the Hertz equations are based on the stiffness and geometry of 
the two bodies in contact, the predicted maximum shear stress will 
be different to that of the previous two models. Fig. 8.20 shows a
comparison of the experimental and theoretical predictions for this
model. The level of maximum shear stress did not vary considerably 
over the load range 7-32 Lbf. The experimental results did not lie on 
a line passing through the origin as they should have. The results 
have been re-checked and similar values obtained. This reinforces
the belief that there was not a uniform stress field through the
thickness of the model around the contact zone. One possible reason 
for this is that by having a roller and beam of different widths, a 
three dimensional stress field was generated and this affected the 
results. The isochromatic pattern for the third laminated beam with 
an applied load of 22 Lbf is shown in Plate 1. A comparison of the 
theoretical and experimental results for the shear stress along the
centre line of contact is given in Fig. 8.21. It can be seen that
considerable differences exist between the two.
8.6 CONCLUSIONS
Three photoelastic models have been made to simulate a roller on a 
beam with varying amounts of the orthotropic material coating. Data 
has been produced on the contact width, depth to position of and 
value of maximum shear stress. Experimental results have been 
compared with the Hertz theory.
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1) Laminated beam with an orthotropic layer
pro tective covering.
This form of the beam had two different thicknesses (4 and 2mm) of
an orthotropic layer as a protective covering and load diffuser.
With the 4mm protective covering on the beam it was found:
a) The contact widths of the laminated beam for all base
supports were found to be approximately the same as 
those of a homogeneous beam. The experimental results 
were consistently 22% above those predicted by Hertz.
b) The depth to the position of maximum shear stress in the
laminated beam was found to be less than those of the
homogeneous case. As with the contact width, the 
experimental results were larger (14%) than those 
predicted by Hertz.
c) As would be expected for a beam where the contact
width was larger than predicted, the experimental value 
of the maximum shear stress was lower (20%) than that 
predicted by Hertz.
When the laminae thickness was reduced to 2mm then:
a) The contact width could not be measured using the
conventional technique as when the polarizer and 
analyser were set at 45° the isoclinics became indistinct 
within the contact region. When the optical elements 
were set at ± 1 0 °, the isoclinics were more clearly 
defined. The results given by the two methods were 
compared and a 10% error was found. This reduces the 
validity of the method. Using this second method a 15% 
increase in the contact width between the first and
T w o  m a i n  f o r m s  o f  t h e  l a m i n a t e d  b e a m  w e r e  c o n s i d e r e d .
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second form of the model was determined. Part of this
increase may be due to the technique used.
b) In the first model, the depth to the position of maximum 
shear stress was less in the laminated beam than that of 
the homogeneous one. In the second beam this trend was 
continued. From Hertz’s theory, the maximum shear 
stress should have occurred within the chord material, 
this it did not do.
c) In the second form of beam, a slight decrease (7%) in the
value of the maximum shear stress from that of the first 
model was noted. This was to be expected from the slight 
increase in the contact width results for this model.
From this work it has been concluded that when the depth to the
position of maximum shear stress is less than the laminae thickness, 
the stresses and contact widths for a laminated beam are 
approximately the same as those of a homogeneous beam. When the 
depth to the position of maximum shear stress is greater than the 
laminae depth then the Hertz equations are not strictly applicable. 
The laminae appears to act as some form of load diffuser between 
the stiff roller and chord material.
2) O rthotropic Layer Removed
This is the condition where the roller is applied directly to the 
surface of the unidirectional material. Considerable discrepancies 
were found between the experimental and theoretical predictions 
obtained from Hertz. This is thought to be due to the incorrect 
experimental modelling of the contact condition.
In this chapter, it has been shown that high interlaminar shear 
stresses are generated in the contact region by the application of a 
load. It has been noted that fibre composites are weak along this 
plane. The interlaminar shear failure mode within the contact zone 
is thus identified as being important when loads are induced in fibre 
composites via rollers.
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However, as has been pointed out, this work has used two- 
dimensional photoelastic models made from Araldite. Araldite is an 
isotropic material whereas fibre composites are anisotropic. 
Additional contact effects caused by this anisotropy may be caused 
in real composite structures that have not been determined in the 
photoelastic model.
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CHAPTER NINE  
CONCLUDING REMARKS
The advantages and disadvantages of lamination have been 
discussed in detail in the introduction of this thesis. It has been 
noted that the stress distribution within laminated structures when 
subjected to bending is significantly different to its homogeneous 
counterpart. A theory has been developed to predict the deflection 
and stresses in a five layered laminated cantilever subjected to the 
uniform transverse displacement of the laminae. The laminae have 
been considered to act as individual elastic beams joined by a 
flexible interlayer. A shear transfer mechanism has been used to 
describe the interaction of the laminae and interlayer. The validity 
of this theory has been confirmed by experiment using a two 
dimensional photoelastic model. A simplified solution to the bending 
of a laminated beam consisting of more than five layers has been 
developed but in doing so, an assumption as suggested by Soomro 
about the axial displacement of the laminae has been made. This 
assumption states that the axial displacement of the centre of each 
laminar is linearly related to its distance away from the centre line 
of the beam. The accuracy of this simplified solution has been 
investigated by comparing it to the full analysis for a five layered 
beam. The maximum error between the two analyses for the end 
deflection was found to be 10%. Similar errors were also found 
between the two analyses for the bending and shear stresses. Thus a 
simple theory to predict the interlaminar shear and bending stresses 
of a laminated beam has been developed. From this it will be 
possible to determine the dominant failure mode, be it delamination 
or laminae fracture, of the beam.
Another analysis has been developed to predict the deflection and 
stresses that occur within a two layered laminated beam when 
subjected to a distributed load over part of its span. The distributed 
load was a first approximation to that which is generated between 
two bodies in contact. The very localised .-effects of applying the load 
were neglected in this theory as it was only required to predict the
9 . 1  C O N C L U S I O N S
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gross deformation of the beam. This theory showed that where the 
contact width was below 30% of the length of the beam, the 
deflection was within 5% of that for a point application of the same 
load. Most contact widths would be within this value for the loaded 
region/length ratio. In this theory, the effect of the interlayer 
compression that would occur in the actual loading by a roller on a 
laminated beam has been neglected. However, the error in the 
interlaminar shear stress from not including the glue layer 
compression is shown to be less than 5%. This theory has not, 
however, been able to predict the very localised interlaminar shear 
stresses that occur due to the application of the load.
A photoelastic investigation of the stresses generated when two 
bodies are loaded together has been performed. This has shown that 
this experimental technique is suitable for investigating contact 
stresses, however, discrepancies of up to 18% were found between 
the experimental and theoretical predictions.
A photoelastic investigation of the stresses induced by a roller on a 
laminated beam has been performed to confirm that the Hertzian 
theory is applicable to these conditions. It has been noted that 
where the laminae thickness is greater than the depth to the position 
of maximum shear stress, the Hertz equations are valid. Increasing 
discrepancies are found between the experimental results and the 
theoretical predictions. As the laminae thickness is reduced to less 
than the depth to the position of maximum shear stress. In these 
conditions it was found that the contact width is greater, the depth to 
the position of and the value of maximum shear stress are both less 
than the values predicted by Hertz. Contact between the roller and 
the beam was shown to develop considerable interlaminar shear 
stresses in the laminae. Thus, depending upon the magnitude of the 
applied load and the size of contact, delamination by interlaminar 
shear failure may occur within the loaded region of a laminated 
beam.
As has been mentioned in the introduction of this thesis, fibre 
composites are relatively weak in the interlaminar shear stress 
plane. Thus, delamination of composites by interlaminar shear
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stresses which are induced by the loading of a laminated beam by a
body is shown to be a significant mode of failure which has been
overlooked by researchers in the past.
9.2  SUGGESTIONS FOR FURTHER WORK
A full analysis of the bending of a five layered laminated beam has 
been performed and compared to a simplified solution which has
been shown to be reasonably accurate (i.e. within 10%). The
accuracy of this solution beyond five laminae has not been
determined; Pagano (12) has suggested that the accuracy w ill
increase with the number of layers. An obvious area of further
work, therefore, is the investigation of the accuracy of this solution 
with an increased number of layers. This could be performed
explicitly from the equations, experimentally with a technique such 
as photoelasticity or using an approximate solution such as finite 
elements. The effect on the accuracy of the solution when altering 
the stiffness of the laminae from layer to layer should also be 
investigated.
This work has only considered two-dimensional beams whereas they 
are in fact three-dimensional structures. In these structures 
transverse interlaminar shear stresses would also be generated in 
bending which would compound the problem of delamination at the 
free edge. A simple analysis to predict these stresses would also be 
of great interest to designers of composite beams. The inclusion of 
non-linear and plasticity effects may also be necessary for some 
fibre composite materials.
An experimental investigation of the contact between rollers and 
laminated beams has been performed using a photoelastic model. 
This has shown that the full Hertzian conditions are not always valid 
when laminated beams are concerned. Only one size and stiffness of 
roller and beam were used in this investigation and to obtain a 
deeper insight into the stresses associated with a body loaded against 
a laminated beam, a greater variety in material properties and 
dimensions is required. A ll the photoelastic models used in this 
investigation have used Araldite which is an isotropic material to
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simulate a fibre composite which is anisotropic. Further work on the 
effect of anisotropy on the contact between two bodies needs to be 
performed.
A theoretical solution to the general problem of contact between a 
body and a laminated beam is also required. Since all the significant 
contact effects are within a small distance of the loaded zone, it may 
be possible not to have to model the entire beam. The solution to 
this problem may initially be found by considering a body loaded 
against a shallow beam on an elastic foundation. This form of 
solution, superimposed upon that for the bending could completely 
solve the problem of the contact between a body and a laminated 
beam.
Al
1 .1  YOUNG'S MODULUS OF CT200, AT ROOM
TEMPERATURE
As the Araldite (CT200) is only made up in small amounts, the 
stiffness of this material may vary from batch to batch. As each new 
batch of this material is made, its Young's modulus must be 
determined in order that theoretical predictions, based on its 
stiffness can be made.
A tensile specimen of dimensions 9 x 1 x 1/4 in. was manufactured 
from a precast sheet as shown in Fig. A 1.1.1. Loads were applied to 
it by a Houndsfield tensometer type W, extensions being measured 
by an extensometer type 2029.
From the results of this tensile test, given in Table A l, a stress-strain 
graph was produced, Fig. A 1.1.1. A straight line was fitted to these 
data points using a standard least squares method and from this the 
Young's modulus was determined as:
A p p e n d i x  1
E  = 4.35 x 105 Lbf/in2
A2-
Table A .l - Experimental Determination of the Young's Modulus 
for Araldite CT200 at Room Temperature.
Specimen Size 9" x 1" x 1/4" - Extensometer Length 2"
Load
kg
Extension
in.
Equivalent
Stress
Lbf/in2
Equivalent
Strain
pin/in
0 0 . 0 0
50 0.0025 441 1250
10 0 0.0046 882 2300
150 0.0066 1323 3300
20 0 0.0086 1764 4300
250 0.0107 2205 5350
300 0.0127 2646 6350
350 0.0147 3087 7350
400 0.0168 3528 8400
450 0.0189 3969 9450
500 0 .0 2 1 0 4410 10500
550 0.0232 4857 11600
600 0.0254 5292 12700
650 0.0274 5733 13800
700 0.0296 6174 14800
750 0.0321 6615 16000
800 0.0346 7056 17300
850 0.0369 7497 18500
900 0.0398 7938 19900
950 0.0422 8379 2 1 1 0 0
F i g .  R l . 1 . 1  Y o u n g s  M o d u l u s  o f  C T  2 0 0  
a t  R o o m  T e m p e r a t u r e ,
S t  r  a  i n
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1 .2  YO UNG 'S M ODULUS OF SILICONE RUBBER TY PE RTV  
9 1 6 1
This material was used as the interlayer in the five layered 
laminated beam model. It is supplied in two parts, one being the 
Silicone Rubber 9161, the other being the catalyst 9162. These were 
mixed together and evacuated to remove any entrapped air. Part of 
the mixture was used to form the interlayers in the five layer 
laminated beam as described in Chapter 4. The rest was used to 
manufacture a tensile specimen in a casting jig shown in Fig. A 1.2.1. 
The internal surfaces of this jig were coated with a release agent to 
enable the specimen to be easily removed after curing. Dowels were 
placed through the jig, as shown in Fig. A 1.2.1, in order to create 
holes in the tensile specimen. The finished size of the cured tensile 
specimen was 9 x 1 1/4 x 1/4 in.
Two marks, a distance of three inches apart, were put on the surface 
in order that extensions could be measured.
The tensile specimen was pinned from one end to a framework, loads 
being applied by dead weights to the other. Extensions were 
measured using a travelling microscope.
Increasing loads were applied to the specimen and the respective 
extensions were determined. This was repeated several times in 
order to reduce the scatter in the results. From the average of these 
results given in Table A.2 a graph of stress-strain was produced, see 
Fig. A 1.2.2. A straight line was fitted to these results using a 
standard least squares method and from this the Young's Modulus 
was determined to be:
E c =  2 6 0  L b f / i n 2
It was not possible to accurately determine the Poisson’s Ratio and 
an assumed value is used:
v = 0.5
From this it was possible to obtain a value for the shear modulus:
E  2 G c- ■ = 86.6 Lbf/in
c 2  (1 + v)
A6
Table A2 - Experimental Determination of the Young's Modulus 
of Silicone Rubber Type RTV 9161 
Specimen Size 9" x 1 1/4" x 1/4" - Gauge Length 3"
Load
pin/in
Extension
kg
Equivalent
Stress
in.
Equivalent
Strain
Lbf/in 2
0 0 0 0
0.25 0.009 0.8 3000
0.50 0.023 1.6 7750
0.75 0.030 2.4 10 0 0 0
1.00 0.033 3.2 1 1 0 0 0
1.25 0.045 4.0 15000
1.50 0.054 4.8 18000
1.75 0.066 5.6 2 2 0 0 0
2.00 0.069 6.4 23000
2.25 0.084 7.2 28000
2.50 0.093 8.0 31000
2.75 0.099 8.8 33000
3.00 0.106 9.6 36000
3.25 0.117 10.4 39000
3.50 0.126 1 1 . 2 42000
3.75 0.135 12 .0 45000
4.00 0.147 12 .8 49000
4.25 0.158 13.6 53000
4.50 0.168 14.4 56000
4.75 0.174 15.2 59000
5.00 0.195 16.0 65000
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1 . 3 STRESS OPTIC CO EFFICIENT OF CT200 AT ROOM  
TEM PER A TU RE
In order to convert from fringe orders in the model to stresses in the 
prototype, the stress optic coefficient for each new batch of material 
must be determined.
If a known level of stress can be induced in a model then by the 
stress optic law, the coefficient T  can be determined. A four point 
bending rig as shown in Fig. A 1.3.1 had previously been used for this 
calibration purpose. A beam of dimensions 6" x 3/4" x 1/4" was 
machined from the cast sheet of Araldite and this was inserted into 
the bending rig as shown in the Fig.ure. The fringe order N, and 
isoclinic angle were determined for positions along the centre line A- 
B for loads of 5 - 15 Lbf. In the lower half of the beam the isoclinic 
angle was found to be 0°, in the upper half 90°. The results of
these tests are given in Table A3. The stresses along the centre line 
A-B are given explicitly by simple bending theory as:
where
3
I = JiL , and M = P dtD"
1 2 o
where D = 3/4" 
d = 1 1/2 " 
t = 1/4"
Hence
12 P d Y
a  -   9
x . ^ 3
(A .l)
AlO
F r o m  t h e  str es s  o p t i c  l a w  t h e n :
a - a
X  y
— cos (20)
(A .2)
Equation (A .2) may be simplified by assuming that a y is equal to 
zero.
Equations (A .l) and (A.2) may be combined to provide:
There are three variables in this equation, Ncos(20), Y  and P0. A 
graph of Ncos (20) verses Y  may be plotted for several values of P0 as 
shown in A l.3.2. The slopes of these graphs may then be plotted 
against P0 as shown in Fig. A 1.3.3. The gradient of this line was
found by least squares as:
12 P d Y
^  cos (20) = o
N cos (20)
y (A.3)
= 0.377
f = 56.5 Lbf/in fringe
A l l
Table A.3 - Calibration of the Stress Optic Coefficient for 
Araldite CT200 at Room Temperature 
Specimen Size 6" x 3/4" x 1/4"
Loading Condition - Four Point Bending 
Results Taken Along Centre Line
N (cos 2a)
Depth (in) 5 Lbf 7.5 Lbf 10 Lbf 12.5 Lbf 15 Lbf
0.460 -0.77 -0.97 -1.26 -1.54 -1.84
0.140 -0.58 -0.80 -1.04 -1.25 -1.46
0.234 -0.34 -0.52 -0.67 -0.80 -0.94
0.328 -0 . 1 2 -0 .2 2 -0.30 -0.33 -0.39
0.422 0.08 0 .1 1 0 .10 0.77 0.20
0.516 0.30 0.41 0.52 0.66 0.78
0.609 0.50 0.72 0.96 1.18 1.36
0.703 0.77 1 .2 2 1.54 1.83 2.14
SLOPE 2.32 3.33 4.27 5.23 6.13
A l  2
F i g .  R 1 . 3 . 1  F o u r  P o i n t  B e n d i n g  R i g  u s e d  
t o  d e t e r m i n e  t h e  v a l u e  o f  ' f ' o f  C T  2 0 0 .
SCALE 1 ilNCH *
Po Po
1 A ' -
D
I i
Q
B d
B
Po
2Po= T 0 T A L  L O A D  W
A 1 3
F i g .  f l l . 3 . 2  G r a p h  o f  N  v e r s e s  Y  f o r  
t h e  L i n e  A l o n g  fl -  B .
F i g .  R l . 3 . 3  G r a d i e n t s  o f  N  v e r s e s  Y
R g a i n s t  L o a d  W .
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1 .4  CALIBR A TIO N  OF TH E Y O U N G ’S M O DULUS OF
A R A LD IT E  CT200 AT TH E STRESS FR EEZIN G  
TEM PER A TU RE
In order to determine the stiffness of Araldite at the stress freezing 
temperature two tensile specimens were produce as shown in Fig. 
Al.4.1. Onto the first of these specimens was applied a 1 Lbf load 
the second was subjected to 10 Lbf. Both specimens were stress 
frozen at the same time using the conventional cycle. Two specimens 
with different loads were used in preference to one specimen for the 
reason that any effect due to the relaxation of stresses caused by 
their manufacture could be removed by subtracting the results of 
one test from the other.
After they had been permanently deformed, a section of length 2" 
was machined from the centre of the specimen. These pieces were 
then relaxed to a stress free condition by annealing at which point 
their contraction was determined.
£i = contraction of specimen 1 = 0.005"
8 2= contraction of specimen 2 = 0.051"
_  q _  (10 - D/127
e (0.051 - 0.005)/2
E  =  3 0 8 0  L b f / i n 2
A 1 6
MO DEL  
THICKNESS 
0 2 4
F i g .  R l . 4 . 1  T e n s i l e  S p e c i m e n  U s e d  i n  t h e  
D e t e r m i n a t i o n  o f  ' E '  f o r  C T  2 0 0  a t  1 4 5 °  C,
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1 .5  CALIBRATIO N OF THE STRESS OPTIC CO EFFIC IEN T
O F A R A LD ITE CT200 AT TH E STRESS FR EEZING  
TEM PER A TU RE
In order that the conversion from the fringe orders in the stress
frozen model to values of stress can be made, the stress optic
coefficient of Araldite at 145°C had to be determined. In order to
calibrate the material, two tensile specimens were produced as
shown in Fig. A 1.5.1. Onto the first of these specimens was applied a 
1 Lbf load, the second being subjected to 10 Lbf. Both specimens 
were stress frozen at the same time using the conventional cycle. 
The reasons for using two specimens as opposed to only one, have 
been given in Appendix 1.4.
After they were permanently deformed and had cooled to room 
temperature, they were examined in a polariscope and their fringe 
orders (N) were determined in the centre of the reduced section.
N i = Fringe order of the first specimen = 1.39
N 2 = Fringe order of the second specimen = 13.8
The stress optic law states that
in this situation then:
a 2 =  °
„  Nf 
i T
Hence
A 1 8
X t
(78.7 - 7.78) x 0.24 
(13.9 - 1.38)
1.37 Lbf/in fringe
A 1 9
0 3 / 1 6
0  4
0 - 5 3
C N
C N
C N
VO
o
MO DEL  
THICKNESS 
0* 24
F i g .  R l . 5 . 1  T e n s i l e  S p e c i m e n  U s e d  i n  t h e  
D e t e r m i n a t i o n  o f  ' f '  f o r  C T  2 0 0  a t  1 4 5 ° C.
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1 . 6 Y O U N G 'S M O DULUS O F A R A LD ITE C T200 W ITH  
SILICA FLO UR FILLER
This material was required to simulate the roller used in the 
laminated beam model and was required to be 2.5 times the stiffness 
of unfilled Araldite CT200. The stiffness of this material was 
increased by adding silica flour as a filler in the ratio by weight:
A tensile specimen of dimensions 9 x 1 x 1/4 in. was constructed as 
shown in Fig. A 1.6 .1 . Loads were applied to this model by a 
Houndsfield tensometer type W, extensions being measured by an 
extensometer type 2029.
From the results of this tensile test, given in Table A 6 a stress strain 
graph could be constructed as shown in Fig. A 1.6.1. A straight line 
was fitted to these data points using a standard least squares 
method. From this, the Young's modulus was determined as:
CT200
1 0 0
Hardener HT901 
30
Silica Flour 
1 0 0
E  = 9.35 x 105 Lbf/in2
A21
Table A 6 - Experimental Determination of the Young's Modulus 
for Araldite CT200 and Silica Flour Filler at Room Temperature 
Mixture Ratio Araldite CT200:Hardener HT901:Silica Flour 
By Weight 100 : 30 : 110
Specimen Size 9" x 1 " x 1/4"
Extensometer Length 2"
Load
kg
pin/in
Extension
in.
Equivalent
Stress
Equivalent
Strain
Lbf/in 2
0 0.00 0 0
50 0.001 441 500
10 0 0.002 882 1 0 0 0
150 0.003 1323 1500
20 0 0.0039 1764 1950
250 0.0049 2205 2450
300 0.0059 2646 2950
350 0.0069 3087 3450
400 0.0074 3528 3700
450 0.0084 3969 4200
500 0.0097 4410 4850
550 0 . 0 1 0 2 4851 5100
j 600 0.0114 5292 5700
650 0.0125 5733 6250
700 0.0134 6174 6700
750 0.0145 6615 7250
800 0.0161 7056 8050
850 0.0172 7497 8600
900 0.0184 7938 9200
950 0.0196 8379 ! 9800 ;
F i g .  R l . 6 . 1  Y o u n g s  M o d u l u s  o f  CT  2 0 0  
W i t h  S i l i c a  F l o u r  F i l l e r
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S t r a i n
1 . 7  M A T E R I A L  S U P P L I E R S
CT200 is manufactured by:
Ciba-Geigy 
Plastics Division 
Duxford 
Cambridge
Information Sheet No M.56.
RTV 9161 silicone rubber is manufactured by:
Dow Corning 
BDH Chemicals 
M W Scientific Ltd 
Boyatt Wood Estate 
Eastleigh 
Hampshire
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APPEN D IX 2
SOLUTION  O F T H E  IN TERLA M IN A R SHEAR STRESS EQUATIONS  
FOR T H E  F IV E  L A Y E R E D  LAM IN ATED  BEAM
It has been shown in Chapter 3.4 that the interlaminar shear stresses
of a beam shown in Fig. A2.1 are given by:
d2x
—  = (Q+R) x, + (Q-R) x - P
dx (A2.1)
d2x
— f  = (Q-R) xi + (Q+2R) x2 - P
dx (A2.2)
where
(d+c) WE
P = ------------ s_
lOEIc ( 1 +v)
(d+c)2 E
C
Q=: 5EIc (1+v)
E
R = ---------2-------
2Ecd (1+v)
In order to obtain a solution to these differential equations, a single 
differential equation must be produced in terms of one of the 
variables. ft
Re-arranging A2.1 and A2.2 and using the 'D' notation to represent
d then: 
dx
A25
(D2 - (Q+2R)) x, = (Q-R) x, - P
2 (A2.3)
(D2 -(Q+R))x =(Q-R)x -P
1 2 (A2.4)
Equation A2.3 may be multiplied by (D2 - (Q+R)) to give:
(D2 - (Q+R)) (D2 - (Q+2R)) = (D2 - (Q+R)) ((Q-R) x - P)
= (Q-R) ((Q-R) t  - P) + P (Q+R)
(D4 - (2Q+3R) D2+R (5Q+R)) x2 = 2RP 
The solution of A2.5 is of standard form and is given by:
2Pt = C cosha x+C sinha x+C cosha x+C sinha x + ------
1 2 1 3 2 4 2 5Q+R ( A 2  6)
where
2 _  (2Q+3R) + 7 4 (Q -R )2+ R  
1 ?
2 (2Q+3R) - 7 4 ( 0 -R)2 + R
2 ?
C j ,  C 2 , C 3, C4 are constants of integration and may be found by the 
boundary conditions of the beam.
For the laminated beam illustrated in Fig. A2.1, the boundary 
conditions are:
A26
X =  0
x =  0
2) 4 Y  = y  = 0
dx
dT dT
3)  L = — -  = 0dx dx
x = L
4) T = T ' = 0J 1 2
5) M = 0 
dx dx
6) — -  = — -  = 0 dx dx
when x = 0, using condition 1 with equation A2.6 gives:
o = c  +C. + - 2E -i 3 5Q+R
Using condition 6, when x = L , then equation A2.6 may be 
show:
-C a sinh(a L) - C a sinh(aJL) - C a cosh(a L)
  1 1  1_________3 2_________2________ 4 2_________ 2
2 a cosh(a L)
Equation A2.6 may be differentiated twice to provide:
d 2x
 — = C a2cosh(a x) + C a 2sinh(a x) +2 l l  l 2 1 1dx
C a2cosh(a x) + C a2sinh(a^x)
3 2  v 2 7 4 2  2
Using condition 1 and this equation in A2.2 gives:
(A2.7) 
used to
(A2.8)
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C  a2 + C  a 2 =  -P
1 1  3 2 (A2.9)
Equation A2.2 m a y  be differentiated to give:
d3x dx dxo
— f  = (Q-R) — 1  + (Q+2R) — 2-
dx3 dx dx
Using condition 6 with this equation gives:
, 3 
d  %
 f  ==0
dx (A2.10)
Equation A2.6 may be differentiated three times to provide:
-  = C a3sinha x + C a 3cosha x +, 3  11 1 2 1 1 dx
C a3sinha x + C a 3cosha x 
3 2 2 4 2 2
When x = L , condition 6 and hence equation A2.10 may be substituted 
to give:
-C (a2 - (Q+2R))cosh(a L) 
C = — 1 .... ..........................
2 (a - (Q+2R))cosh(a L)
1 1 (A 2 .l l)
Equations A2.7, A2.8, A2.9, A 2 .ll may be solved to provide:
Z 2 P o ^ \  
\  5Q+R /
- P
C -  o 9 i (a2 - a 2)
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C 2 = -C tanh(a L )
C 4 = -C tanh(a2L)
From equation A2.2 then:
( f A . (Q+2E), 2 t p )
Substituting in A2.6 and the second differential of that equation 
provides:
x = A(C co sh ^ x ) + C 2(a lx)) + B(C 3cosh(a2x) + C 4sinh(a2x)) + 
3P
5Q+R (A2.12)
where
a2 - (Q+2R)
A = —1------------(Q-R)
a 2 - (Q+2R)
B = — -----------(Q-R)
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A PPEN D IX  2.2 SOLUTION  O F T H E  BENDING MOMENT,
A X IA L  F O R C E  AND SH EAR STRESS  
EQ UATIO N S
The differential of the bending moment in each laminae is given by 
equation 3.13.
dM  = 2 (d+c)(x ) _ W
dx 5 M i 2' 5 (313)
Substituting in equations A2.6 and A2.12 provides:
^M.=U(d+c) I (A+l) (C cosh(a x) +C sinh(a x» +(B+1) dx 5 1 1 2 1
5P 1 W(C cosh(a x) +C sinh(a x)) + }3 2 4 2 5 Q + R  J  5
Integrating this equation with respect to x and using Condition 5 
gives:
|  I M i l  (c ^M = 2(d+c)  ^1 L (C isinh(aix) + C ^ o sh ^ x ) +
“ i
(C sinh(a x) + C cosh(a x)) + 5l%(xpL) }  - W (x~L ) , a 3 2 4 2 5Q+R J 52
(A2.13)
Equation 3.17 relates the longitudinal force Ti to the bending moment 
M and the differential of the shear stress xi.
A30
(1 +v)c dxi (d+c)M J_\_
E  dx EI Ed
c (3.18)
The substitution of equations A2.13 and the differential of A2.12 into 
3.18 provides the result for the longitudinal force in the laminae as:
T  = (d+c)Md _ Ecd (1+v) (A (c  sinh(-a x) + c  cosha x)) + 
i  j  £  v r  i  v i  J  2 i  "
c
B a (C sinh(a x) + C cosh(a x)))2 3 2 4 2 (A2.14)
A similar method may be used with equations 3.14 to obtain the 
longitudinal force in laminae 2 .
(l+v)c dx2 (d+c)M , T i \
E  dx E I Ed Ed
C
With the substitution of equations A2.14/A2.18 and the differential 
of equation A2.6, then
T  = 2ld+cM. Ecd(l+v) (  (A+1)a (C 8inh(a x) +
c
C^oshCa^)) + (B+l)a2(C 3sinh(a2x) + C4cosh(a2x)) }
The shear stress across laminae 2 is given by:
where a x2 is the axial stress in laminae 2 and is given by:
Substituting in equations 3.1 and 3.13 gives:
dx
Therefore, the shear stress in laminate 2 is given by:
x = x„xy2 2
(A2.16)
A similar method may be used for determining the shear stress in 
laminae 1 :
1A3 2
The shear stress in laminae O  is given by:
x = f —  a n dy 
yO J dx x0 -d/2
where a =xO T
The substitution of equation 3.13 and the solution of the integral 
provides the result:
x = xyO { * s f l  ( f  <d«> < W (A2.18)
From basic beam bending theory then:
e i ^ Y  = m
dx2
Equation A2.13 may be substituted and this in turn may be 
integrated twice with respect to x. The constants of integration may 
be found from Condition 2. The deflection of the laminated beam is 
determined as:
v  = l~ A-4  (CjCsinhCo^x) - o^x) + C^coshCo^xH))
“ l
+ IB±11 (c  (sinh(a2x)-a2x) + C4(cosh(«2x )- l) + 
a2
, 5P x 2( x -3 L ) ]  W x 2( x -3 L )
6(5Q+R) J 30 (A2.19)
A3 3
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A PPEN D IX  3
SO LUTIO N  O F T H E  EQ U IL IB R IU M  EQUATION S FO R A M U LT I­
LA M IN A TED  BEAM
Using the subscript i to signify the number of the laminae then 
equations 5.41 to 5.4.(n-l)/2 state that:
d2V.
E . I— -»■ = M.i , 2  i
ax 5 .4 .(n-l)2
As the deflection of the laminae at similar sections are identical:
Thus equations 5.4.1 to 5.4.(n-l)/2 may be linked together:
MoM. = E.
o A3.1
Equation 5.3.1 states that:
S. + 2c A  T. = Wi i i i 5.3.1
Substituting A3.1 into equations 5.2.1 to 5.2.(n-l)/2 they become:
A3 5
j dlVt E,
V l ' V V - T T F
0 5.2.(n-3)/2
dM„
S = d t  2-
0 1 dx 5 .2 .(n - l) / 2
Equations 5.2.1 to 5.2 n-1/2 may be substituted into 5.3.1 which is 
given by:
-2(d+c)E dT sr^-D/2 2 
— —  i E .  -W E .dMQ E  dx “ i
dx ^ (n - i)/2
X  E.(^n-l)/2 1 A3.2
The basis of the further assumption made in this theory is that the 
axial displacements of the laminae are linearly linked to their 
distance away from the centre of the beam, thus
U. = iUi l
dU dU
_ L  = i— L 
dx dx
A3 6
Substituting into this equations 5.6.1 and 5.6.(n-l)/2 then:
E
T. = iT - 1- i i E l
Substituting A3.3 into equations 5.1.1 to 5.1.(n-l)/2 gives:
A3.3
JT, (=)
5.1.1
+ x. ___ -x ,    = 0dx E  (n-3)/2 (n-l)/2
1 5.1.2
d T 1-— L + x, - x„ = 0 dx 1 2 5.1 n-1/2
Equation 5.1.1 to 5.1.(n-l)/2 may be solved for dTi/dx, giving:
d T , * .E,
dx y^(n-i)/2
iE.
1 A3.4r;
Alternatively, equations 5.1.1 to 5.1n-l/2 may be solved for xi, 
providing the result
( n - l ) / 2
x ? j iE.x :
Ti ^ (n - l ) /2
Za  iEi 1 A3.5
The interlmainar shear stress Xi is found in Chapter 5 to be given by:
x = Acosh(mx) + Bsinh(mx) + z
m =
(d+c)2 EcI 9  E
I c X 1X 3d+v) 2( l+v)cdX
W(d+c) E  
Z =-------------- 2—
2 IcM 2X 3(1 + v )
A3 8
The boundary conditions that apply to this beam are: 
x = 0
1 ) x = % = ... x = 0f 1 2 (n-l)/2
dT dT
2)  = — 2-... = 0dx dx
dJVI dM
3)   ^= -----   ... = 0dx dx
4) V  = ^  = 0 dx
x = L
dx dx„
5) — — = — — ... = 0 dx dx
6) T  = T ... = 07 1 2
7) M0 = M1 ... = 0
From condition 1 and equation 5.7.7,
0 = A + Z A = -Z
From condition 5 and equation 5.7.7
0 = Amsinh(mL) + Bmcosh(mL) 
B = -Atanh(mL)
A3.6
A3 9
Equation A3.4 may be substituted into A3.2 to provide the result:
dM 2(d+c) x A  WE 0 _ v 7 1 ^ 2  0
dx
Equation 5.7.7 may be substituted into this and then integrated with 
rspect to x. Condition 7 may be used to solve the integral, thus:
2(d+c) e T
M = ---------- -^---  (Asinh(mx) + Bcosh(mx) + mZ(x-L))o
M'3XX
W E0(x-L)
A3.8
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APPEN D IX 4
SOLUTION  TO  T H E  BENDING O F A LAM IN A TED  BEAM  
SU B JECTED  TO A D ISTRIBU TED  LOAD O V ER  PART O F ITS  
SPAN W ITH CON SIDERATION  TO  T H E E F F E C T S  O F C O R E
COM PRESSION
A 4.1 INTRODUCTION
In Chapter 6 , a theory is developed in which the bending of a two 
layered laminated beam when subjected to a transverse load over 
part of its span as shown in Fig. A4.1, is investigated. In this theory 
the laminae were constrained to deflect an equal amount, thus 
neglecting the compression of the core that would actually occur, due 
to the transverse load, as shown in Fig. A4.2.
In the theory developed in this Appendix, the case where the 
compression of the core is considered. It will be shown that the 
effect on the interlaminar shear stress by allowing the core to
compress is negligible.
A 4 .2 N OM ENCLATURE
L rz Length of the beam
bi = Length over which the load is applied
d = Depth of laminae
c = Depth of interlayer
E = Modulus of laminae
E c = Modulus of interlayer
W = Applied load
T l t2 Longitudinal force in laminae
S i ,2 = Shear force in laminae
X =5 Interlaminar stress
M l,2 = Moment in the laminae
N =  • Normal force
V i ,2 = Vertical displacement of the laminae
U i ,2 = Longitudinal displacement of the laminar
A 4 . 3  G O V E R N I N G  E Q U A T I O N S
Considering a descrete element in region 1 of the laminated beam as 
shown in Fig. A4.3, the equilibrium of forces, as shown in Fig. A4.4, 
provides the equations.
d T i    + % = 0dx 4  J
dM,
 L +  S - 4 i  = 0
dx 1 2  4 2
dS, w— L _ N + W.  = 0
dx b,
1 4.3
d T ,
— -  - x = 0dx 4 4
dM,
-2 + S - x -  = 0
dx 2 2 4 5
dS?— + N = 0
dx 4.6
From the basic beam bending theory:
A42
F r o m  shear deformation of the core
dV dV
2 ( l+ v ) -£ -x  = - ^ ±£l  L + (d+c)  l _ \ j  _ v
E  d dx dx 1
c.
where
d U l  = I x  
dx Ed
4.9
4.10
d u . -T . 2   2
dx Ed 4 n
To solve these equations for the shear stress, the same method as 
used in Chapter 3 may be employed.
Thus:
d x f  (d+c)d E c , E  1 dT W(d+c)Ec
\  4EI(l+v) Ecd(l+v) J  dx
+
d x 3  ^ (l )  4biEIc(l+ v)
A standard solution of this differential equation is:
Z x
x = A cosh(m x) + B sinh(m x) + —— l v l '  l 1 b
4.12
1 ^  4EIc(l+v) ECd(l+v) J 4.13
where
A43
m2= r (d+c)d E  + _ E ^ |
1 ^ 4EIC(l+v) ECd(l+v) J
-W(d+c) E
Z = -  -S-
1 4EIC(l+v)
The same boundary conditions apply to this equation as those given 
in Chapter 3.
Thus
A i = 0
Z sinh(2m
B -----—
1 32 m i cosh(m i b i )
f  -——— ——- - tanh(m L ) \  
1  tanh(m b ) 1 |
i b )  I  1 1 J
This equation can be compared to that obtained in Chapter 3. It can 
be seen that they are of the same format.
x = Bsinh(mx) - 2x-
1 u 2b^m
where
m r  ( c + o x  , e  \
^ 4EIc(l+v) Ecd(l+v) J
W(d+c)E
Z =------  *
4EIc(l+v)
Zsinh(2mb
3
2m b i cosh(m bi
J   f    }-  , - tanh(mL) I
1 ta n h fm b ,) |
n  ) v  1 J
A44
Comparing values predicted from the two interlaminar shear stress 
equations using typical values for the variables,
d = 0.70 inches
c = 0.07 inches
E c = 260 Lbf/in2
E  = 4.8E5 Lbf/in2
L  = 10 inches
bi = 1 inch
then a 4% difference is found between the values for the 
interlaminar shear stress.
Thus, accepting this small error in the interlaminar shear stress, the 
approximation of restraining the laminae to deflect an equal amount 
is valid. If an analysis for the core compression is required then this 
theory which takes it into account should be used. This full analysis 
would then be able to predict the individual displacement of the 
laminae.
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F i g .  R 4 . 4  T h e  E q u i l i b r i u m  o* f  F o r c e s
i n  a n  E l e m e n t  W i t h i n  R e g i o n  1.
( d f A , \
\ d x  I
T,
S|  ^/cj St \ ^  T)C_ 
t o r  /
c r
\
/4 (u)Svc
J
n #/<* T r y * -
X  ft d x
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T A B L E  A5.1 PH O T O ELA STIC  R ESU LTS FO R POSITION  'A' IN 
T H E  F IV E  L A Y E R E D  LAM IN A TED  BEAM  
M O D EL LO AD  7 Lbf, M O D EL TH IC K N ESS  1/4 in
E / E c = 1673
Depth Normal Loading Reversed Loading c*x GXy
in 01 Ni 02 n 2 L b f / in 2 L b f / in 2
0.027 90 0.60 90 | 0.60 144 0.0
0.054 90 0.55 89 0.57 132 1.13
0.081 ! 89 0.53 87 0.52 118 1.86
0.108 88 0.48 86 0.46 105 2.24
0.135 87 0.40 86 0.40 91 3.93
0.162 87 0.35 85 0.35 81 5.58
0.189 85 0.28 84 0.30 72 7.00
0.216 83 0.23 82 | 0.25 55 6.89
0.243 81 0.17 80 | 0.23 43 7.37
0.327 79 0.25 86 0.43 1 77 7.13
0.354 77 0.23 85 0.34 66 8.80
0.381 75 0.22 83 0.26 50 9.60
0.408 73 0.20 80 0.20 40 10.4
0.435 70 0.17 72 0.14 29 10.9
0.462 67 0.14 54 0.08 14 10.48
0.489 67 0.12 28 0.17 3 9.68
0.516 56 0.10 14 0.13 -9 8.90
0.543 41 0.08 9 0.20 -20 8.25
0.627 58 0.09 82 0.32 42 9.15
0.654 53 0.08 79 0.25 28 8.80
0.681 45 0.06 73 0.17 18 9.36
0.708 38 0.08 69 0.10 5 9.52
0.735 30 0.09 36 0.11 -6 12.74
0.762 24 0.11 21 0.14 -20 11.39
0.789 19 0.12 14 0.22 -35 11.76
0.816 15 0.14 10 0.29 -46 10.21
0.843 12 0.16 6 0.38 -58 9.27
j 0.927 74 0.10 71 0.14 22 8.68
0.954 64 0.07 64 0.12 12 8.92
0.981 44 0.04 48 0.09 1.0 10.80
1.008 27 0.08 33 0.12 -11 10.37
A50
Depth Normal Loading Reversed Loading a* <?xv
in 01 Ni 02 n 2 L b f / in 2 L b f / in 2
1.035 15 0.12 23 0.15 -25 10.75
1.062 11 0.15 16 0.20 -36 10.23
1.089 8 0.20 12 0.26 -48 10.39
1.116 7 0.24 9 0.32 -59 9.78
1.143 6 0.28 7 0.34 -72 9.13
1.227 24 0.09 5 0.23 -27 5.83
1.254 14 0.16 4 0.26 -45 6.69
1.281 9 0.24 4 0.29 -58 6.86
1.308 7 0.31 3 0.32 j -73 6.29
1.335 5 0.38 3 0.35 -75 5.8
1.362 4 0.46 3 0.39 -97 6.03
1.389 1 0.54 3 0.42 -113 5.06
1.416 1 0.63 2 0.45 -125 2.19
1.443 0 0.7 0 0.47 -142 0
A51
T A B L E  A5.2 P H O TO ELA STIC  R ESU LT S  FO R PO SITIO N  ’B' IN 
T H E  F IV E  L A Y E R E D  LA M IN A TED  BEAM  
M O D EL LO AD  7 Lbf, M O D EL TH IC K N ESS  1/4 in
E / E c = 1673
Depth Normal Loading Reversed Loading Oxv
in 01 Ni 02 n 2 L b f / in 2 L b f / in 2
0.027 88 1.12 89 1.10 229 2.02
0.054 , 88 1.01 89 0.95 196 1.79
0.081 88 0.88 87 0.82 173 1.55
0.108 88 0.75 87 0.71 117 2.05
0.135 88 0.62 j 86 0.57 114 2.98
0.162 88 0.49 84 0.47 85 3.81
0.189 87 0.35 83 0.32 57 4.44
0.216 j 85 0.22 77 0.22 1 24 6.23
0.243 77 0.11 66 0.11 -1 4.19
0.327 85 0.43 88 0.75 ( 143 6.63
0.354 83 0.38 87 0.60 117 7.45
0.381 80 0.29 86 0.44 87 7.85
0.408 75 0.22 82 0.27 57 8.45
0.435 66 0.14 71 0.13 28 7.99
0.462 49 0.09 26 0.08 -1 11.50
0.489 26 0.15 9 0.21 -24 9.13
0.516 14 0.19 6 0.35 -59 10.12
0.543 10 0.27 4 0.51 -81 7.99
0.627 87 0.55 85 0.39 128 5.57
0.654 85 0.43 84 0.28 96 7.14
0.681 80 0.27 81 0.19 86 14.35
0.708 69 0.15 68 0.10 1 42 8.55
0.735 34 0.11 37 0.08 13 12.15
0.762 15 0.25 16 0.12 -13 11.45
0.789 8 0.38 10 0.21 1 -41 10.47
0.816 5 0.52 7 0.30 -70 9.43
0.843 4 0.69 5 0.39 -91 8.66
0.927 85 0.27 85 0.36 76 6.06
0.954 82 0.18 82 0.23 52 7.73
0.981 69 0.08 69 0.12 23 7.89
A52
Depth Normal Loading Reversed Loading c*xv
in 0i Ni 02 n 2 Lbf/in 2 L b f / in 2
1.008 30 0.09 41 0.15 -4 16.71
1.035 14 0.19 16 0.19 -34 12.42
1.062 9 0.28 9 0.30 -60 12.07
1.089 6 0.38 7 0.47 -86 9.77
1.116 4 0.50 5 0.59 -117 9.87
1.143 2 0.61 4 0.72 -142 5.34
1.227 50 0.02 44 0.05 -10 7.14
1.254 14 0.16 9 0.14 -39 9.66
1.281 6 0.26 7 0.24 -68 10.03
1.308 5 0.39 5 0.40 -95 10.01
1.335 4 0.51 3 0.52 -127 8.88
1.362 3 0.63 3 0.66 -159 8.40
1.389 2 0.78 2 0.76 -185 8.10
1.416 1 0.93 1 0.90 -216 5.69
1.443 0 1.10 0 1.00 -240 2.22
i
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T A B L E  A5.3 PH O TO ELA STIC  R ESU LTS  FO R  POSITION '€ ’ IN 
T H E  F IV E  L A Y E R E D  LAM IN A TED  BEAM  
M O D EL LOAD 7 Lbf, M O D EL TH IC K N ESS  1/4 in
E / E c = 1673
Depth Normal Loading Reversed Loading CJX <3xy
in 0i Ni 02 n 2 L b f / in 2 L b f / in 2
0.027 90 0.90 89 1.11 252 6.64
0.054 90 0.82 89 0.90 222 7.79
0.081 90 0.74 89 0.78 193 8.38
0.108 89 0.42 89 0.61 165 7.21
0.135 89 0.52 88 0.49 134 6.99
0.162 87 0.42 88 0.33 108 7.52
0.189 86 0.31 85 0.20 75 6.49
0.216 84 0.18 58 0.08 47 7.67
0.243 70 0.07 12 0.07 19 7.40
0.327 89 0.58 86 0.69 133 7.23
0.354 88 0.48 85 0.56 111 8.81
0.381 87 0.37 83 0.41 80 9.14
0.408 85 0.25 79 0.28 51 10.51
0.435 80 0.14 71 0.15 22 10.49
0.462 56 0.07 39 0.14 -4 8.10
0.489 20 0.11 17 0.16 -32 10.26
0.516 10 0.23 9 0.32 -58 9.23
0.543 5 0.34 6 0.39 -86 9.30
0.627 90 0.67 84 0.47 106 7.13
0.654 89 0.55 80 0.31 79 7.56
0.681 89 0.40 75 0.22 49 8.61
0.708 85 0.29 65 0.13 20 9.68
0.735 82 0.12 45 0.18 -7 10.19
0.762 40 0.06 26 0.18 -36 10.75
0.789 11 0.17 15 0.24 -64 10.06
0.816 6 0.32 9 0.32 -91 9.28
0.843 4 0.44 7 0.37 -121 9.33
0.927 84 0.34 87 0.34 70 6.24
0.954 79 0.26 85 0.22 44 6.44
0.981 68 0.14 79 0.11 16 7.62
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Depth Normal Loading Reversed Loading j <*x crxv
in Oi N i 02 n 2 L b f / in 2 L b f / in 2
1.008 44 0.24 30 0.05 -8 12.90
1.035 23 0.25 8 0.13 -37 10.80
1.062 15 0.34 1 5 0.24 -63 10.20
1.089 9 0.44 3 0.34 -95 10.98
1.116 7 0.58 2 0.47 -122 9.80
1.143 3 0.72 1 0.53 -150 9.34
1.227 34 0.06 22 0.10 0 3.97
1.254 16 0.15 11 0.24 -31 6.74
1.281 8 0.30 8 0.32 -55 6.39
1.308 7 0.41 5 0.44 -88 7.82
1.335 4 0.56 4 0.56 -116 7.14
1.362 3 0.71 3 0.70 -146 7.69
1.389 3 0.82 2 0.81 -175 6.13
1 1.416 2 0.96 1 0.94 -208 3.64
1.443 1 1.11 0 1.00 -239 0
A5S
T A B L E  A5.4 P H O TO ELA STIC  R ESU LT S  FO R POSITION  'D* IN 
T H E  F IV E  L A Y E R E D  LA M IN A TED  BEAM  
M O D EL LOAD 7 Lbf M O D EL, T H IC K N ESS  1/4 in
E / E c = 1673
Depth Normal Loading Reversed Loading ox Gxy
in 01 N i 02 n 2 L b f / in 2 L b f / in 2
0.027 90 0.66 90 0.61 137 0
0.054 90 0.63 89 0.53 131 1.13 1
0.081 90 0.57 88 0.47 119 4.15
0.108 90 0.51 88 0.41 106 5.10 ,
0.135 89 0.45 87 0.36 91 5.55
0.162 88 0.39 85 0.33 79 5.54
0.189 87 0.36 84 0.29 65 6.32
0.216 85 0.25 83 0.25 53 7.10
0.243 83 0.17 81 0.23 43 7.47
0.327 80 0.28 88 0.42 75 8.74
0.354 78 0.26 86 0.35 62 9.11
0.381 76 0.23 83 0.25 50 9.85 *
0.408 74 0.22 79 0.18 40 10.27
0.435 72 0.19 71 0.13 27 10.91
0.462 67 0.16 50 0.07 13 10.10
0.489 63 0.13 27 0.08 3 8.97
0.516 54 0.10 14 0.13 -8 8.76
0.543 43 0.08 10 0.19 -21 8.07
0.627 58 0.10 84 0.34 39 9.64 1
0.654 56 0.09 81 0.23 29 9.72
0.681 49 0.08 75 0.17 16 8.83
0.708 41 0.08 62 0.10 3 9.25
0.735 31 0.09 43 0.14 -9 10.65
0.762 25 0.12 23 0.15 -20 9.99
0.789 20 0.15 15 0.22 -32 10.09
0.816 15 0.16 10 0.29 -44 9.64
0.843 10 0.21 8 0.33 -59 8.21
0.927 73 0.10 70 0.15 22 7.93
0.954 65 0.08 60 0.11 13 8.53
0.981 49 0.06 45 0.13 1 7.95
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Depth Normal Loading Reversed Loading c?x tfxy
in Bi Ni 02 n 2 Lbf/in2 L b f / in 2
1.008 30 0.08 30 0.13 -10 9.93
1.035 18 0.12 22 0.17 -23 9.57
1.062 12 0.16 16 0.21 -35 9.24
1.089 10 0.20 13 0.26 -48 9.17
1.116 8 0.25 10 0.30 -61 8.94
1.143 6 0.32 8 0.34 -68 8.00
1.227 23 0.09 6 0.18 -32 6.09
1.254 14 0.15 5 0.27 -45 6.34
1.281 10 0.23 4 0.30 -58 6.53
1.308 7 0.30 3 0.36 -70 6.18
1.335 55 0.37 3 0.38 -82 5.84
1.362 4 0.46 3 j 0.40 -96 5.97
1.389 3 0.55 2 0.45 -109 4.64
1.416 1 0.64 1 0.46 -122 3.04
1.443 0 0.76 0 0.49 -133 0
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T A B L E  A5.5 PH O TO ELA STIC  R ESU LTS FO R R O L L E R  FROM  
R O LL E R /R O LL E R  CO N TA CT. R O L L E R  RADIUS 22 in 
M O D EL T H IC K N ESS  1/4 in, S L IC E  T H IC K N ESS  1/10 in 
S T R ES S  S EP A R A T IO N  A N G LE  0 = ±45°
Depth N0 N-0 N+0 <*x <yy <*xy
Inch Lbf/in2 Lbf/in2 Lbf/in 2
0.025 0.22 1.00 1.02 16.72 13.64 1.54
0.050 0.51 1.22 1.26 17.41 10.27 3.57
0.075 0.65 1.30 1.31 16.64 7.54 4.55
0.100 0.72 1.28 1.30 15.46 5.38 5.04
0.125 0.72 1.20 1.21 13.88 4.98 5.04
0.150 0.72 1.12 1.14 12.29 2.21 5.04
0.175 0.69 1.04 1.06 11.32 1.66 4.83
0.200 0.65 1.00 1.02 10.70 1.59 4.55
0.250 0.61 0.87 0.89 9.08 0.53 4.27
0.300 0.56 0.80 0.80 8.00 0.16 3.92
0.350 0.49 0.69 0.70 6.92 0.01 3.46
0.400 0.46 0.65 0.66 6.43 0.00 3.21
0.450 0.40 0.57 0.57 5.60 0.00 2.80
0.500 0.36 0.50 0.51 5.09 0.01 2.54
0.550 0.34 0.48 0.47 4.72 0.01 2.36
0.600 0.28 0.39 0.39 3.87 0.01 1.94
0.650 0.26 0.39 0.39 3.89 0.00 1.94
0.700 0.24 0.39 0.37 3.97 0.01 1.98
0.750 0.22 0.36 0.34 3.20 0.01 1.60
0.800 0.19 0.29 0.28 2.75 0.00 1.37
0.850 0.19 0.27 0.27 2.75 0.02 1.37
0.900 0.18 0.25 0.26 2.75 0.02 1.37
0.950 0.18 0.24 0.26 2.55 0.01 1.26
1.000 0.17 0.24 0.24 2.34 0.01 1.17
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T A B L E  A5.6 PH O TO ELA STIC  R ESU LTS FO R R O L L E R  FROM  
R O LLER /B EA M  CO N TA CT. R O L L E R  RADIUS 22 in 
M O D EL T H IC K N ESS  1/4 in, S L IC E  T H IC K N ES S  1/10 in 
S T R ES S  S EP A R A T IO N  A N G L E  0= ±45°
Depth N0 N-0 N+0 0y <*xy
Inch L b f / in 2 L b f / in 2 L b f / in 2
0.025 0.18 0.90 0.91 15.50 12.98 1.26
0.050 0.34 0.93 0.93 13.65 8.89 2.38
0.075 0.43 0.99 1.00 13.58 7.56 3.01
0.100 0.48 1.05 1.04 13.07 7.34 3.36
0.125 0.55 1.01 1.00 12.29 4.59 3.85
0.150 0.56 0.97 0.96 11.37 3.52 3.92
0.175 0.58 0.96 0.95 10.69 2.57 4.06
0.200 0.60 0.93 0.93 10.01 1.61 4.20
0.250 0.59 0.88 0.87 8.96 0.70 4.13
0.300 0.54 0.83 0.81 8.47 0.91 3.78
0.350 0.49 0.78 0.76 8.19 1.33 3.43
0.400 j 0.48 0.75 0.74 7.93 1.21 3.01
0.450 0.43 0.68 0.66 7.04 1.02 2.66
0.500 0.38 0.62 0.61 6.75 1.43 2.45
0.550 0.35 0.56 0.57 6.38 1.48 2.31
0.600 0.33 0.54 0.55 6.27 1.64 2.17
0.650 0.31 0.52 0.52 5.95 1.61 2.17
0.700 0.31 0.50 0.51 5.75 1.46 1.96
0.750 0.28 0.48 0.48 5.58 1.66 1.96
0.800 0.28 0.46 0.46 5.19 1.26 1.89
0.850 0.27 0.44 0.45 5.13 1.34 1.96
0.900 0.27 0.42 0.43 4.59 0.67 1.82
0.950 0.26 0.40 0.40 4.29 0.63 1.82
1.000 0.26 0.40 0.41 4.47 0.83 1.82
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T A B L E  A5.7 P H O TO ELA STIC  R ESU LTS FO R R O L L E R  FROM  
R O LLER /B EA M  CO N TA CT. R O L L E R  RADIUS 22 in 
M O D EL T H IC K N ES S  1/4 in, S L IC E  T H IC K N ES S  1/10 in 
S T R ES S  S EP A R A T IO N  A N G L E  0 = ±45°
Depth N0 N-0 N+0 Ox CJy °xy
Inch L b f / in 2 L b f / in 2 L b f / in 2
0.025 0.05 0.65 0.66 12.36 11.66 0.35
0.050 0.20 0.73 0.75 12.05 9.24 1.40
0.075 0.29 0.86 0.87 13.16 9.10 2.03
0.100 0.32 0.86 0.85 12.35 7.89 2.24
0.125 0.34 0.80 0.79 10.88 6.12 2.38
0.150 0.36 0.76 0.75 9.81 4.72 2.52
0.175 0.35 0.70 0.71 9.15 4.25 2.45
0.200 0.32 0.68 0.67 8.78 4.30 2.24
0.250 0.29 0.59 0.57 7.22 3.16 2.03
0.300 0.27 0.54 0.52 6.51 2.73 1.89
0.350 0.24 0.48 0.47 5.95 2.58 1.68
0.400 0.21 0.43 0.41 5.17 2.24 1.47
0.450 0.19 0.41 0.41 5.45 2.80 1.33
0.500 0.18 0.39 0.38 5.00 2.48 1.26
0.550 0.16 0.36 0.35 4.69 2.44 1.12
0.600 0.16 0.33 0.31 3.89 1.65 1.12
0.650 0.15 0.30 0.29 3.64 1.54 1.05
0.700 0.15 0.27 0.27 3.24 1.14 1.05
0.750 0.14 0.24 0.25 2.99 1.02 0.98
0.800 0.13 0.22 0.23 2.73 0.90 0.91
0.850 0.12 0.22 0.22 2.67 0.90 0.84
0.900 0.11 0.20 0.20 2.40 0.80 0.77
0.950 0.11 0.20 0.20 2.40 0.80 0.77
1.000 0.10 0.20 0.20 2.46 0.80 0.70
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T A B L E  A5.8 PH O TO ELA STIC  R ESU LTS FROM  T H E  
LA M IN A TED  BEAM , STA G E 1, IS O C LIN IC  A N G LE  45° FO R  
CO N TA CT W IDTH D ETERM IN A TIO N , BA SE M A T ER IA L  FOAM , 
S T IFFN ES S  200 Lbf/in2, R O L L E R  RAD IU S 280mm
Load Contact Width Depth to Max
N
Maximum 
Shear Stress
Lbf In In Lbf/in2
1 2 0.133 0.049 1.35 153
17 0.160 0.053 1.68 191
2 2 0.182 0.059 1.94 2 2 1
27 0 .2 0 1 0.062 2 . 1 2 242 (
32 0.218 0.069 2.32 264 i
T A B L E  A5.9 P H O TO ELA STIC  R ESU LTS FROM  LAM IN A TED  
BEAM  STA G E 1. IS O C LIN IC  A N G LE 45° FO R  CO N TA CT  
W IDTH D ETERM IN A TIO N . BASE M A T ER IA L  R U BBER  
S T IFFN E S S  2000 Lbf/in2, R O L L E R  RA D IU S 280mm
Load Contact
Width
Depth to Max. 
Shear Strength
N Maximum 
Shear Stress
Lbf/in2 in in Lbf/in2
1 2 0.138 0.052 1.39 158
17 0.153 0.055 1.75 20 0
2 2 0.173 0.061 1.98 225
27 0.190 0.062 2 . 2 1 251
32 0.209 0.068 2.24 276
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T A B L E  A5.10 P H O T O ELA ST IC  R ESU LT S  FROM  LA M IN A TED  
BEAM  STA G E I. IS O C LIN IC  A N G LE 45° FO R  CO N TA CT  
W IDTH D ETERM IN A TIO N . BA SE M A T ER IA L  SM A LL B L O C K  
ST IFFN ESS  4.35 x 105 Lbf/in2, W ID TH  O F S M A LL  B L O C K  
0.8 in R O L L E R  RADIUS 280mm
Load Contact Depth to Max. N Maximum
Width Shear Strength Shear Stress
Lbf/in2 in in Lbf/in2
1 2 0.143 0.046 1.49 170
17 0.163 0.053 1.87 213
2 2 0.180 0.057 2.15 245
27 0.197 0.062 2.38 270
32 0.214 0.067 2.60 296
T A B L E  A 5 .ll  P H O T O ELA STIC  R ESU LTS  FRO M  LA M IN A TED  
BEAM  S T A G E 1. IS O C LIN IC  A N G LE 45° FO R CO N TA CT  
W IDTH D ETERM IN A TIO N . BA SE M A T ER IA L  S T E E L  
ST IFFN ESS  30 x 10« Lbf/in2, R O L L E R  RA D IU S 280mm
Load Contact Depth to Max. N Maximum
Width Shear Strength Shear Stress
Lbf/in2 in in Lbf/in2
1 2 136 0.047 1.35 153
17 159 0.052 1.63 185
2 2 174 0.056 1.87 213
27 196 0.062 2 . 1 1 240
32 2 1 1 0.066 2.32 262
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T A B L E  A5.12 PH O TO ELA STIC  R ESU LTS FROM  HOM OGENEOUS  
BEAM  . IS O C LIN IC  A N G LE  45° FO R CO N TA CT W IDTH  
D ETERM IN A TIO N . BA SE M A T ER IA L  R U B BER
S T IFFN ES S  2000 LblF/in2, R O L L E R  RA D IU S 280mm
Load Contact Depth to Max. N Maximum
Width Shear Strength Shear Stress
Lbf/in 2 in in Lbf/in2
2 0.050 - - -
4 0.072 - - -
6 0.085 - - -
7 0.090 0.040 0.94 107
8 0 . 1 0 1 - - -
10 0 . 1 2 1 - _ -
1 2 0.129 0.054 1.31 149
17 0.154 0.059 1.57 178
2 2 0.180 0.064 1.88 214
27 0.2 00 0.068 2 . 1 2 241
32 0.218 0.072 2.32 265
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T A B L E  A5.13 P H O T O ELA STIC  R ESU LTS  FO R  T H E  TXy T A K E N  
AT A D EPTH  O F 0.075 in. R O L L E R  RADIUS 280mm 
A PP LIED  LO A D  22 Lbf. BA SE CONDITIONS R U B BER
x = ^  sin (20) xy 2 t
Distance Along 
X Axis 
in
0 N 'Cxy
Lbf/in2
0 0 1.88  | 0
0.025 8 1.80 j 57
0.050 17 1.72 109
0.075 28 1.66 156
0 . 1 0 0 38 1.48 163
0.150 57 1.15 119
0.200 65 0.89 77
0.250 72 0.69 46
0.300 76 0.57 30
0.350 79 0.47 20
0.400 81 0.41 14
0.450 81 0.34 1 2
0.500 81 0.29 10
0.550 81 0.27 9
0.600 81 0.25 8.5
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T A B L E  A5.14 P H O T O ELA STIC  R ESU LTS  FO R T H E  MAXIM UM  
SHEAR STRESS ALONG L IN E  UNDER T H E R O LL E R . 
R O L L E R  D IA M ET ER  280mm A P P LIED  LO A D  22Lbf
Depth Thickness Rubber Base Small Block Base
N X N X
in in Lbf/in2 Lbf/in2
0.025 0.25 1.19 136 1.41 160
0.050 0.25 1.76 20 0 1.92 218
0.075 0.25 1.87 213 2.05 233
0 . 1 0 0 0.25 1.80 205 1.89 215
0.125 0.25 1.56 111 1.65 188
0.150 0.25 1.30 148 1.42 162
0.160 0.75 1.40 160 1.49 170
0 . 2 1 0 0.75 0.72 81 1.05 118
0.260 0.75 0.65 73 1 .0 2 115
0.310 0.75 0.56 64 0.88 99
0.360 0.75 j 0.44 49 0.77 87
0.410 0.75 0.36 41 0.63 70
0.460 0.75 0.31 36 0.53 60
0.510 0.75 0.25 28 0.46 52
0.560 0.75 0.24 27 0.39 43
0.610 0.75 0.23 27 0.36 40
0.660 0.75 0.25 28 0.33 37
0.710 0.75 0.27 30 0.33 37
0.760 0.75 0.30 32 0.33 37
0.810 0.75 0.37 42 0.33 37
0.860 0.75 0.45 51 0.33 37
0.910 0.75 0.46 52 0.33 37
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T A B L E  A5.15 PH O TO ELA STIC  R ESU LTS FROM  T H E  SECOND  
LA M IN A TED  BEAM . IS O C LIN IC  A N G LE ±10° FO R  C O N TA C T
W IDTH D ETERM IN A TIO N  
BA SE M A T ER IA L  RU BBER  
TH IC K N ESS  O F TOP LA M IN A E 2mm
CONTACT WIDTH Depth to Max.
Load Homogeneous
Beam
Lamnated 
Beam 2
Max Shear 
Stress
N Shear
Stress
Lbf in in in Lbf/in2
7 0.144 0.183 0.041 0.87 99
1 2 0.165 0 . 2 1 0 0.044 1.13 128
17 0.185 0.226 0.045 1.52 173
2 2 0 . 2 0 2 0.247 0.047 1.75 20 0
27 0.224 0.262 0.051 1.95 2 2 2
32 0.242 0.262 0.052 2.14 245
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T A B L E  A5.16 PH O TO ELA STIC  R ESU LT S  FO R  T H E  M AXIMUM  
SHEAR STRESS ALONG C EN T R E L IN E  UNDER T H E  R O L L E R  
M O D EL STA G E 2. A P P LIED  LOAD 22 Lbf, BA SE  
CON DITION S R U B B ER
Depth Thickness N X
in in L b f / in 2
0.025 0.25 1.05 120
0.050 0.25 1.40 160
0.075 0.25 1.45 165
0.085 0.75 1.32 150
0.135 0.75 0.88 100
0.185 0.75 0.71 80
0.235 0.75 0.53 60
0.285 0.75 0.39 45
0.335 0.75 0.27 31
0.385 0.75 0.24 27
0.435 0.75 0.22 25
0.485 0.75 0.22 25
0.535 0.75 0.16 20
0.585 0.75 0.22 25
0.635 0.75 0.25 29
0.685 0.75 0.31 35
0.735 0.75 0.35 40
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T A B L E  A5.17 P H O TO ELA STIC  R ESU LTS FROM  T H E  
LA M IN A TED  BEAM  S T A G E 3, IS O C LIN IC  A N G LE  45° FO R  
CO N TA CT W IDTH D ETERM IN ATIO N  
BASE M A T ER IA L  R U B BER , R O L L E R  W IDTH 1/2 in
Load Contact Width Depth to 
Max x N
Maximum  
Shear Stress
L b f in in L b f / in 2
7 0.109 0.014 2.00 228
12 0.130 0.024 2.25 256
17 0.152 0.030 2.42 275
22 0.167 0.034 2.58 294
27 0.181 0.040 2.68 305
32 0.200 0.042 2.75 315
A68
T A B L E  A5.18 P H O TO ELA STIC  R ESU LT S  FO R  T H E  M AXIM UM  
SH EAR STRESS ALONG T H E  C EN TR E L IN E  UNDER T H E  R O LL E R  
M O D EL ST A G E 3 A P P LIED  LO A D  22 Lbf, BASE  
CON DITION S R U B B ER
Depth Thickness N %
in in Lbf/in 2
0.02 0.75 1 114
0.04 0.75 2.55 290
0.06 0.75 2.48 282
0.08 0.75 2.31 263
0.10 0.75 2.00 228
0.15 0.75 1.44 164
0.20 0.75 1.22 139
0.25 0.75 0.97 110
0.30 0.75 0.80 92
0.35 0.75 0.75 86
0.40 0.75 0.71 81
0.45 0.75 0.71 81
0.50 0.75 0.86 98
0.55 0.75 1.00 114
0.60 0.75 1.20 136
0.65 0.75 1.40 160
0.70 0.75 1.72 196
0.75 0.75 2.00 228
A P P E N D I X  6
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